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Introduction

Since the beginning of my Ph.D. I have been mainly interested in three topics, all related
to Operator Algebras, namely Noncommutative Geometry, Noncommutative Topology,
and Knot Theory. Before going into the details of my work during these three years I
would like to spend a few words about some of these topics.

Noncommutative Topology and Geometry have their origin in Gelfand-Naimark The-
orem which establishes a duality between algebras and topological spaces. Given a com-
pact Hausdorff space X one can consider the C*-algebra of continuous functions C'(X).
On the other hand, given a unital, commutative C*-algebra A, it turns out that it is
isometrically isomorphic to C (Z), where A is the spectrum of the algebra. Actually,
Gelfand-Naimark Theorem says more, in particular that there exists an explicit con-
travariant functor between the category 7 whose objects are compact Hausdorff spaces
and morphisms are continuous maps and the category C whose objects are commutative,
unital C*-algebras, with morphisms given by unital *- homomorphisms

T-C

X - CO(X)

o0
With this result in mind, noncommutative C”*-algebras can be thought as continuous
functions on noncommutative spaces. This idea was pursued further by Alain Connes
introducing Noncommutative Geometry. Motivated by the fact that the Dirac Operators

of contains many pieces of information of a manifold, the notion of spectral triple was
introduced.

Noncommutative selfcoverings and inductive limits

Consider a family of self-coverings, namely a sequence of homeomorphic spaces con-
nected by covering maps

o 1 2
XQ—»Xl—)')XQ—»Xg...

In the commutative case, by Gelfand-Naimark duality the spaces become algebras and
the covering maps become injective morphisms. Therefore, there is an associated se-
quence of embedding of algebras

Ar S A S A S A,



Motivated by this fact, when the algebras A; are no longer abelian, but are still pairwise
isomorphic, we consider the above sequence and think of the algebras as a sequence of
noncommutative self-coverings. This sequence yields an inductive limit lim 4;. Suppose
that the first algebra is endowed with a spectral triple. We considered the problem
of extending the spectral triple to whole inductive limit. We studied many cases, for
example the case of self-coverings of p-tori, of noncommutative tori, some crossed prod-
ucts with respect to Z” and UHF algebras. In those cases it is possible to construct
natural spectral triples on each C*-algebra A, and the sequence of the Dirac operators
is shown to converge in a suitable sense, to a triple on the inductive limit. In all the
cases considered the spectral triples for the inductive limit C*-algebra are semifinite.

Our leading idea is to produce geometries on each (noncommutative) space A,, which
are locally isomorphic to the geometry on the original noncommutative space A. In
other words, the covering projections should be local isometries or, phrased in terms
of Rieffel’s theory of compact quantum metric spaces (cf. [Con94, Rie99|), that the
noncommutative metrics given by the Lip-norms associated with the Dirac operators via
L,(a) = ||[D,,,a]|| should be compatible with the inductive maps, i.e. L,.;(a(a)) =
L,(a), a € A,. However, in one case, this property will be weakened to the existence
of a finite limit for the sequences L,,,(a”(a)), a € A,.

There are two main consequences of the former assumption. The first one is that the
noncommutative coverings are metrically larger and larger, so that their radii diverge to
infinity, and the inductive limit is topologically compact (the C*-algebra has a unit) but
not totally bounded (the metric on the state space does not induce the weak ™ -topology).
The second one is that the spectrum of the Dirac operator becomes more and more dense
in the real line, so that the resolvent of the limiting Dirac operator cannot be compact,
being indeed T-compact w.r.t. a suitable trace, and thus producing a semifinite spectral
triple on the inductive limit.

The 2-adic ring C*-algebra of the integers

The 2-adic ring C*-algebra Q, is the object of one of the chapters of this thesis, however
before defining it, we begin with introducing the Cuntz algebras. For any natural number
n greater than 2, the Cuntz algebra O,, was introduced in [Cun77| as the universal C*-
algebra generated by n isometries {S,};-; such that

Y SiSf=1 S'S;=4

i=1

This was the first concrete example of a separable infinite simple C*-algebra and, since
then, Cuntz algebras have received a great deal of attention. Later, these algebras were
generalized in many different ways. For example, a few years ago Joachim Cuntz [Cun0§]
introduced the C*-algebra Qy associated with the ax + b-semigroup over the natural
numbers and, some years later, Larsen and Li [LL12| considered its 2-adic version. The
2-adic ring C™*-algebra Q, can be described as the universal C*-algebra generated by a



unitary U and an isometry S, such that
S,U =US, and 8,55 + US,S3U™ =1

We mention that this algebra appeared before, for example in [Hir02], but it is in the
above-mentioned work that it was studied systematically for the first time. We recall
that among other things Q, is a nuclear, purely infinite, simple C*-algebra.

One of our strongest motivations in studying Qs is the fact that it contains O, and
we wanted to understand the relation between these two algebras. The inclusion can
be realized in the following way. Consider the map taking S; to USy and S5 to S5, it
extends by universality to a homomorphism from O, to Q5. This morphism is injective
by the simplicity of O, and so we may think O, as a subalgebra of Q,.

The main objectives of Chapter |3| are to describe the structure of Q, and study its
automorphisms/endomorphism. In the particular, the inclusion O, C Q, naturally leads
to problem of the determining what morphisms of the smaller algebra extends to the
bigger algebra. We briefly recall that to any unitary = € U(O,) there is an associated
endomorphism of O, that maps S; and S, to £S5, and x.S,, respectively. It was pointed
out by Takesaki that all the endomorphisms have this form. It turns out that not all
endomorphisms extends. For instance, by looking at Bogoljubov automorphisms many
examples of non-extensible automorphisms can be found. Determining precisely which
are extensible is one of the aims of Chapter 3.

Besides the problem of extensible automorphisms, other families of endomorphisms
are studied. For example those fixing the unitary generator U. This problem turned
out to be related to the structure of the C*-subalgebra generated by U. In particular,
we found out that C*(U) is a maximal subalgebra of Q, and this allowed us to give a
complete description of these endomorphisms, actually all automatically automorphisms
of type quasi-free in the sense of Dykema-Shlyakhtenko and Zacharias, see |[DykO01]
Zac00)].

We end this section with a few words concerning outer automorphisms. In the case
of O, the group Out(Os) is a large group. In fact, by using Bogoljubov automorphisms
one can embed almost all locally compact groups. For Q, a similar statement is not
known whether it is true or not since not all Bogoljubov automorphisms are extensible.
It seems that Out(Q,) is not as large as Out(QO,). Nevertheless, the outer automorphism
group is shown to be at least uncountable and non-abelian. The latter again relies upon
the fact that C*(U) is maximal abelian in Q.

The Thompson groups and Knot Theory

For the third theme, I have been working on the relation between the Thompson groups
and Knot Theory. This relation stems from the recent research activity of Vaughan F. R.
Jones who discovered an unexpected relation between knots and the Thompson groups
F and T, [Jon14] and [Jon16]. Actually he defined two different procedures to associate
a link to each element of the Thompson groups. Both procedures are related to the
possible values of the variable of the Kauffman bracket (-)(A), one for the real values



of the variable and one for A being a root of unity. We refer to the first construction
with the expression real procedure, whereas for the second we use the expression complex
procedure. These procedures rely on the fact that elements of the Thompson groups can
be described in terms of pairs of rooted planar binary trees with the same number of
leaves. Given an element g € F', the picture below illustrates how to construct £(g)
from such a pair of trees according to the real construction

L =

U

These procedures had oriented versions that allow to give a canonical orientation to
the associated link. However, these constructions are well defined only on the oriented
Thompson groups F and T', both introduced in [Jon14]. We mention that Jones proved
that the Thompson groups are as good as the Braid groups for describing links. In
fact, he proved an Alexander-type Theorem which says that any link can be obtained
with the complex procedure. So it is possible to replace the familiar Braid groups in
the description of knots and links, thus opening a new line of research on the interplay
between F' and low-dimensional topology.

By using Jones’s work it is possible to evaluate suitably renomalized graph and link
invarants and possibly obtain a positive type function on the group. This in turn would
yields a unitary representations of the group.



Outline of the thesis

The First Chapter deals with the main prerequisites for the topics covered in this thesis.
The aim is to make it self-contained. In particular the fundamental definition and results
concerning Noncommutative Topology are introduced. The Gelfand-Naimark Theorem
and fundamental properties of C*-algebras are presented. Some examples of C*-algebras
that will be relevant in the sequel are described, namely the Cuntz Algebra, the 2-adic
ring C*-algebra, the UHF-algebra. The definitions of Spectral Triples and compact
quantum metric spaces are also discussed. At the end of the Chapter the notion of
positive type function on a discrete group is discussed.

The Second Chapter deals with the notion of covering in the framework of Noncom-
mutative Geometry. In particular, some examples of noncommutative self-coverings are
discussed, and spectral triples on the base space are extended to spectral triples on
the inductive family of coverings. These families of spectral triples yield a (semifinite)
spectral triple for the inductive limit algebra. Some of the self-coverings described were
given by the inclusion of the fixed point algebra in a C*-algebra acted upon by a finite
abelian group. The results discussed in this chapter are contained in the recent paper
[AGI| (with Daniele Guido and Tommaso Isola both affiliated to Universita di Roma
Tor Vergata).

The third Chapter deals with some results concerning the 2-adic ring C*-algebra Q.
First of all, some features of the inner structure of this algebra are obtained and then
many consequences concerning endomorphisms are drawn. For instance the triviality of
the relative commutant C’*(SQ)' N Q, yields a rigidity property the inclusion Oy C Q,,
namely endomorphisms of Q, that restrict to the identity on O, are actually the identity
on the whole Q,. Furthermore, the two subalgebras D, and C*(U) are shown to be
maximal abelian. By using this property of the latter subalgebra, the general form of
endomorphisms fixing U is determined. Actually the semigroup of the endomorphisms
fixing U turned out to be a maximal abelian subgroup of Aut(Q,) topologically iso-
morphic with C(T, T). These results are contained in [ACR16| (with Roberto Conti
affiliated to Sapienza Universita di Roma) and Stefano Rossi affiliated to Universita di
Roma Tor Vergata).

In the Fourth Chapter it is shown that the Homflypt polynomial yields a positive type
function on the oriented Thompson group F. This result rely on the so-called real
procedure introduced by V. Jones. This is a self-contained description of the result
obtained in [AC16b| (with Roberto Conti). We mention that the complex procedure is
dealt with different techniques in the very recent paper |[ACJ16] (with Roberto Conti
and Vaughan F. R. Jones affiliated to the Vanderbilt University).



Chapter 1

Some facts about C*-algebras and
noncommutative geometry

1.1 C%-algebras and the commutative Gelfand-Naimark
Theorem

In this chapter we recall the definition and some basic properties of C*-algebras. The
reader is referred to [Dav96, Chapter 1], [Ped12] or [Dix77| for further details and proofs
of the stated results.

An associative algebra is a C-vector space A with a bilinear map

AxA - A
(a,b) — ab

such that
a(bc) = (ab)e Va,b,c€ A.

An associative algebra A is called associative Banach algebra if it is a complete normed
algebra and the norm is such that

lzyll < [l=llllyll  Vz,yeA.

The former inequality ensures that the multiplication operation is continuous.
Actually we will always work with algebras endowed with an additional structure:
an involution. An involution is a map * : A — A such that

C(2") =2,
2. (x+y) =" +y",

()" = a2t

—_

S w

C(zy)" =yt
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where z,y € A, A € C. The pair (A, *) is called involutive algebra.

Given = € A, the element 2" is called adjoint of 2. An element is called self-adjoint
if 2 = x, normal if 22 = 22”. A projection is an idempotent, self-adjoint element. An
element is unitary if 2 = 22" = 1. An isometry is an element such that 2™z = 1.

We observe that every element = € A can be written as the sum of two self-adjoint
elements, namely

T =T+ 12y

1

T = E(x +2"),
1

To += Z([L’ - 27*)

It can actually be shown that any element is the linear combination of four unitary
elements (cf. [Ped12, Lemma 3.2.21, p. 97]).

When A is Banach algebra with an involution and it holds ||a*al| = ||a||* for all
a € A, we say that A is a C"-algebra.

Given two C*-algebras A and B, by a morphism we mean a map ¢ : A — B such
that

L ¢(z +y) = o(x) + o(y)
2. o(Ax) = \o(x)

3. ¢(zy) = ¢(z)o(y)

4. ¢(z) = ¢(x)"

where z,y € A, A\ € C.
The following result ensures that morphisms are automatically continuous (with
respect to the norm topology).

Proposition 1.1.1. ([Dix77, Proposition 1.3.7, p. 9; Proposition 1.8.1, p. 20]) Let
¢+ A — B be a morphism between two C™-algebras. Then ¢ is continuous. Moreover,
if @ is injective, then ¢ is an isometry.

Proposition 1.1.2. Let A be a non-unital C”*-algebra, then there exists a unital C”* -
algebra A containing A as a maximal ideal of co-dimension 1.

Proof. Consider the embedding ¢ : A = B(A) (the Banach algebra of bounded oper-
ators on A) given by the left regular representation ¢(a)(z) = ax. The map ¢ is an
isometric morphism. In fact

ll¢(a)ll
llall® = llaa™|| = ll¢(a)a”|

IA

llall,
llo(a)lllla”I.

IA
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Set A = p(A) + 1C, where 1 is the identity operator in B(A). We observe that A
is complete since A and A/ A = C are complete. We define an involution on A as
(d(a) + A)* 1= ¢(a”) + X\. We check that A is a C*-algebra. For all € > 0 there exists
any € A, ||ly|| <1, such that

llo(x) + alll” < e+ [[(z + a)yll”
=+ |ly" (2" + @) (z + )yl
<e+ ||(x* +a)(x + a)yl|

< e+ [|(¢(2) + @) (6(x) + ),

whence ||¢(z) + 041||2 < |[(¢(z) + a)*(o(x) + «)]|. Since the inequality ||(¢(z) +
) (o(z) + a)|| < ||6(z) + all|® is clear, we are done. O

Let A be a C*-algebra. The spectrum of an element is defined as
sp(a) = {\ € C|\1 — a is not invertible in A} .

It can be shown that the spectrum of an element does not depend on the choice of the
C™-algebra containing the element, see [Dix77, Proposition 1.3.10, p. 10].

An example of commutative C*-algebra is C'(X), where X is a compact Hausdorff
space with the norm being

/1] = sup |f(@)] feC(X),

and the involution given by f*(z) := f(z). It is a remarkable fact that all commutative
are of this form (up to *-isometric isomorphism). We will properly state this result
known as Gelfand-Naimark Theorem.

Suppose that A is a commutative C*-algebra. A character is a homorphism 7 : A —
C. The set of characters is denoted by A and is called the spectrum of the algebra. It
is possible to verify that the set of characters is a closed subset of the unit ball of A"
with respect to weak-* topology. The Gelfand transform I' : A — C (Z) is defined as
I(a)(7) := 7(a) with 7 € A, a € A. Given a continuous map ¢ : X — Y between
compact Hausdorff space there is a naturally induced morphism ¢ : C(Y) - C(X)

given by ¢(f)(y) := f(¢(y))-

Theorem 1.1.3. (|Bla06, 11.2.2.6, p.61]) Let T be the category whose objects are com-
pact Hausdorff spaces and morphisms are continuous maps, and denote by C the category
whose objects are commutative, unital C™-algebras, with morphisms given by unital *-
homomorphisms. Then the correspondence

T-C
X C(X)

¢ o

1S a contravariant category equivalence.
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The former result is one of the starting point of noncommutative topology, because
from this we may think that noncommutative C™*-algebras corresponds to ”noncommu-
tative spaces”.

The following table form a basic ”dictionary” for the compact casel]

Topological framework

C™-algebraic framework

compact space

unital C™-algebra

continuous map

morphism

measure
connected space
second countable

positive functional
projectionless C™-algebra
separable C™-algebra

1.2 Inductive limits

This section is devoted to recall the definition and the fundamental properties of induc-
tive limits. The concept of inductive limit is a generalization of the notion of union. We
refer for example to [WO94, Appendix L, p. 298] for further details.

We will start with the case of groups, algebras, and *-algebras. We will refer to
them with the term ”algebraic objects”. Then, we will consider the C*-algebraic case.

Let I be a directed set, i.e. it is a set endowed with a reflexive, transitive, and
binary relation < with the following property: for any i, j € I there exists an element
k € I such that ¢ < k and j < k. Now let {4,;};,c; be a family of algebraic objects. In
order to define the inductive limit we need a directed system. A directed system is a
collection of morphisms ®;; : A; — A, for all ¢ < j satisfying the compatibility condition
®,; = &, 0 Py; whenever j < k <.

With these notations, the algebraic inductive limit is an object Ay, = li)n A; together
with a family of morphisms ®; : A; - A, called canonical morphisms, such that the
following diagram commutes

Aj —¢‘jﬁAoo
| /

@, P,
(e
Ai7

and such that A, = UD,;(A;).
An explicit construction of the inductive limit is the following

Aoo = {(az) (S l_[AZ | EIZO € I . V ’l > io = G,i = (I)Zlo(azo)}/ ~ (121)
i€l

where (b;) ~ (¢;) if exists an index i such that b; = ¢; when i > ;. The set A can
be endowed with operations according to the category we are working in. For example,

"This small dictionary is taken from [WO94| p. 24].
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if we are working in the framework of groups (i.e. all A; are groups, all ®;; are group
homomorphisms), then we may define the product componentwise. The same idea may
be applied to algebras and *-algebras in order to obtain an object in the desired category.
We define the canonical morphisms as follows
=&, (z) ifj<i

0 otherwise

a;
®;(z) := (a;), where { o

The definition of algebraic inductive limit is universal, in the sense that it satisfies a
universal property.

Proposition 1.2.1. (Universal property of the inductive limit) Let N be an object with
a collection of morphisms W, : A; —» N such that ¥; o ®;; = ¥; whenever j <i. Then it
exrists a unique morphism = : Ao — N such that the following diagram commutes

Aj —‘I’j—>A°o
X

D, =
LN

1

The following property will be useful whenever one wants to prove that the morphism
=, define above, is bijective.

Proposition 1.2.2. Suppose that for all j < i the following

Aj —‘I)j—> Aoo
NG

c1>ij>< =
Lo\

1.

If N = U¥,(A4,), then Z is surjective.

If Yi U, is injective, then = is injective.

Proof. First of all we take care of surjectivity. Let Ao = lim A; = ud,;(A4;). By using
the commutativity of the diagram we obtain the following chain of equalities

N = UZ‘IJZ(Al) = UiE (o) (I)Z(Az = EhmAZ

Now, let’s consider the part of the claim corresponding to injectivity. Let xz,y € Ay
and suppose Z(z) = Z(y). By definition of inductive limit we have that = = ®;(a;) and
y = ®;(a;) for some a; € A; e a; € A;. Since I is directed set, there exists an index
k € I such that k >4, k > j. Let zy := ®p;(a;), yx := Pgj(a;). By definition we have
that z = ®,(z;) and y = ®4(y;,). Then

Up(zy) = ZE@(xy) = E(2) = Z(y) = E@4(ys) = Yi(y),

since the morphisms W, are injective, we get that x = y. O
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Immediate consequences of the former Proposition are the following results.

Corollary 1.2.3. With the above notations, suppose that for all i,5 € I the objects
A; are all isomorphic to an object M. Moreover, suppose that the following diagram
commutes

5 —‘1)1']'—> Az

/

—_——

M

Then M is isomorphic to the inductive limits of the directed system {A;, ®;;}.

Corollary 1.2.4. Denote by As and By the inductive limits of the directed systems
{A,,®,.,} and {B,,¥,,.}, respectively. Suppose that the there exists a sequence of
indices

ny<my<ng<my<...

and for each k a morphism oy, : A, — B,,, such that the following diagram commute

A, Ao

1

AN RN /

(e %1 51 aq B1

NS NS

B B,

B

ni my 2

Then the inductive limits A and Bo, are isomorphic.

Let A an algebra and consider the matrix algebras M,,(A). There are natural inclu-
sions 4y, : M,(A) = M,,(A), i(a) = diag(a,0,,-,) if n < m. The algebraic inductive
limit will be denoted by M., (A).

Now we are ready to give the definition of inductive limit for C*-algebras. With
the former notations, suppose that A; is a collection of C*-algebras and that ®,; are
*-homorphisms. By the former discussion we may construct the algebraic inductive
limit Ao, . We define the following C*-seminorm on Ag. Let z = ®;(a;), then a(z) :=
limsup; |[®;;(a;;)||. Consider the ideal N := {z € Ay |a(r) = 0} and consider A, /N.
Now the former seminorm becomes a C*-norm. After completion we obtain an algebra
that we call the inductive limit of C*—Algebras. This algebra will be denoted with
the same symbol used in the algebraic framework. This is the corresponding universal

property.

Proposition 1.2.5. (Universal property of the C*-inductive limit) Let M be another
C*-algebra and let U; : A; = M be a family of morphism such that U, o ®;; = W; when
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j < 1. Then there exists a unique morphism = : Ao — N such that

Aj_cbj_’Aoo
| >&< |
Dy =
I

1.3 Crossed products with respect to an action of a
discrete group

The aim of this short section is to introduce crossed products with respect to a discrete
countable group. Since the objective is give a self-contained treatment of an example
considered in Chapter 2| we decided not to consider the most general definition of crossed
product. This section is inspired by |[Dav96, Chapter VIII, p. 216].

A triple (A, G, ) where A is a unital C*-algebra, a : G — Aut(A) is a group
homomorphism, will be called a C*-dynamical system. A pair (7,U), where 7 : A —
B(H) is a representation, U : G — U(H) is a unitary representation such that

Ugﬂ'(A)Ug* = (o, (A)) VAe Ajge G,

is called covariant representation.
Consider the vector space C.(G, A) of finitely supported functions on G with values
in A. Elements of C, (G A) will be of the form ), a6, (with finitely non-zero elements
a,) where §,(x) := 0, is the Kronecker delta. This Vector space can be endowed with
structure of an algebra by setting d,ad,~1 = ay(a) for g € G a € A. The product of two
finitely supported function =} agé and k=) ,eqbydy is thus given by

hek=) agay(bo1,)d; .

g,i€G

The involution is determined by setting s* = s™! for all s € G. This implies that

(Z ag(59> = Z ag(a;-l)(Sg .

geG geG

We observe that there exists a bijective correspondence between x-representations of
C.(G,.A) and covariant representations. In fact, given a covariant representation one
may define o : C.(G,A) = B(H) as o(f) = ) cq7(ag)U,. Conversely, given a *-
representation o : C,(G,A) — B(H) one can obtain a covariant representation by
setting 7(a) = o(a - €) and U, = 0(g) where e € G is the neutral element.

The crossed product algebra A X, G is obtained as the enveloping C*-algebra of
C.(G, A), namely one defines the following C*-norm

I1711+= sup lo (/)]
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where o runs over all the *-representations of C.(G,.A). We observe that the supremum
is always bounded by
171l = Y gl
g

We stress that there exist *-representations. In fact, given a “-representation 7 : A —
B(H) one can consider the tensor product with left regular representation of G. In
particular we get the following covariant representation (7,U) on the Hilbert space

l(G,A)

(7(a)2)(g) := 7(ay (a))(x(g))
(T)(g) = a(t™'g) .

with x € l5(G, A). We mention that in general the representations that we defined
using the left regular representation of GG are not sufficient to determine the norm of
A %, G. These representations determine the so-called reduced crossed product. The
two constructions coincide when G is amenable. Since we will only be interested in the
case G = Z" these two definitions will coincide.

We observe that when A = C, and G acts trivially on A, we obtain the group
C*-algebra.

1.4 Uniformly hyperfinite algebra

In this section we recall the definition of the Uniformly Hyper-Finite algebra, also known
as UHF algebra. This algebra will appear in the present chapter as a subalgebra of the
Cuntz algebras and the 2-adic C*-algebra, and will be studied in Chapter . This C*-
algebra was studied and classified for the first time by James G. Glimm in his Ph.D.
thesis (published in [Gli60]). We refer to [RLLO00, Section 7.4] for further details.

A Uniformly Hyper-Finite algebra is a C™-algebra isomorphic to the inductive limit
of a sequence of matrix algebras {M; (C)}; with unital connecting homomorphisms

{¢i+1,i}-

Remark 1.4.1. We observe that there exists a unital homorphism ¢ : M, (C) - M,,(C)
(n)
ij
a homomorphism ¢, since all the projections 65? ) are unitarily equivalent, then also

if and only if m = dn. In fact, let {e }ijl be a family of matrix units. Given

¢(e§f )) are all unitarily equivalent. This means that
m=tr(L,) = Y tr(o(eff”)) = ntr(o(cl))
i=1

where tr(+) denotes the un-normalized trace. Since tr(qb(eg?))) € N (this can be seen by

observing that sp(¢(e§?))) C sp(eggb)) = {0,1}) we get the claim. If on the other hand

m = dn we may consider the embedding ¢(z) := (z,...,x) for all z € M,(C).
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By the former remark it follows that it is not restrictive to suppose that k; divides
Kis-

Consider the set {p;, ps, ...} of all positive prime numbers listed in increasing order.
A supernatural number is a sequence n = {n;};»; with each n; € Nu {co}. We may
denote n as the formal infinite product

n=[]n"

j=1

The operation being n - m 1= {n;};>1 + {m;};>1 = {n; + m;};s1.

To any supernatural number n we may associate the subgroup Q(n) of the group
(Q, +) defined as the subgroup of Q whose elements are x/y with x being an integer
and y =[], p;"* for some m; < n; and m; # 0 only for finitely many i. When the UHF
is already an inductive limit of matrix algebras it may be seen that

Q(n) = Uiaih; 'Z.

In this case, it can be shown that the Ky-group is given by Q(n). Since any UHF has
Ky-group of the form Q(n), we will call n the supernatural number associated to the
UHF algebra.

Actually for every supernatural number there exists a UHF algebra whose associated
supernatural number is n. In fact, let n be a supernatural number and set

By construction, k; divides kj,, for every j. Set ¢; : M, (C) » M, , (C) by ¢;(z) :=
(z,...,z). By construction the inductive limit C'*-algebra has associated supernatural
number n.

Moreover, we have the following classification result.

Theorem 1.4.2. (|RLL00, Theorem 7.4.5, p. 128]) Let A and A" be UHF algebras
associated with supernatural numbers n and m, respectively. Then the following are
equivalent

1 . .
o A and A are isomorphic;
I
e the supernatural numbers n and n are equal;

e the groups (Ko(A),[14]) and (Ko(A"),[14]) are isomorphic (i.e. there exists a
group isomorphims o : Ko(A) = Ko(A') such that a([14]) = [1a]).

. . *
1.5 Cuntz algebras and the 2-adic ring C" -algebra
In this section we recall the definition of the Cuntz algebras and of the 2-adic ring C*-

algebra. For the first topic we refer to [Dav96], in particular to Chapter 5, and to Cuntz’
paper [Cun77|, whereas for the second we refer to [LL12].
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For each n € N the Cuntz algebra O, is defined as the universal C*-algebra generated
by n isometries Sy, ..., S, such that

i=1

The above above conditions means that the isometries have orthogonal ranges and that
the orthogonal sum ranges is the whole space.

The algebra O, is quite remarkable since many C*-algebras embeds into it. For
precise statement of this property the interested reader is referred to a paper of Kirchberg
and Phillips (JKP00|]). However, as we will see some algebras have explicit embeddings.
First of all, we will fix the notation. Set

k| @ for k=0
Wn _{ {1,---,n}" forkz=1
W, =

Jwi.
k=0

We will call elements of W,, multi-indices. An element o € W,’f is said to have length k
and we denote by ¢(«) (or |a|) this number.
First of all we exhibit an embedding of the algebra M, (C) in O,,.

M,(C) - O,

Actually, the above morphism extends to an embeddings of the UHF algebra of type
200

UHF(n™) - 0O,

€ ® ... 8¢ 5 — Su5;

i1,J1 k:Jk

where o = (i17"'a7;k)7 ﬁ = (jla"'?.jk)) Sa = S’i1“°S’ik and Sa = Sjl‘”Sjk' We will
denote by F,, the C*-subalgebra of O,, isomorphic to the UHF algebra of type 2° that

we considered above, namely
F, = spW{SaS;, (o) =L(B)} .
Another remarkable C*-subalgebra is the diagonal subalgebra
D,, := span{S,S.} .

It can be proved that D,, is a maximal abelian subalgebra of O,,.

An interesting fact is that the Cuntz algebras are simple. In particular, this means
that any endomorphisms is either injective or the trivial endomorphism (i.e. the one
that maps any element to 0).
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The fact that two Cuntz algebras O,, and O,, are not isomorphic, unless m = n,
follows from the fact that the K-groups are

KO(On) = Zn—l Kl(on) =0

From now on, we by endomorphism we will mean unital endomorphism. We will
denote by End(®,,) the semigroup of unital endomorphisms. Given a unitary element
u € U(O,) it is easy to see that the \,(S;) := uS; defines a endomorphism. It is a
remarkable fact found by Takesaki (as credited in Cuntz’ paper |[Cun80]) that the map

U(0,) -» End(0,)

U A,

is bijective. This map we will be called the Cuntz-Takesaki correspondence. The auto-
morphisms associated with the unitaries of .7-"71 = M,(C) will be called the Bogoljubov
automorphisms.

Now we introduce the 2-adic ring C™*-algebra. This algebra was introduced in |[LL12].
This is the universal C*-algebra Q, generated by a unitary U and an isometry Sy such
that

S,U =U?S, and SpSy +US,SaU* =1.

We notice that O, contains a distinguished copy of O,. In fact, if we set S; := US, we
can easily see that Sy, Sy satisfy the relations of the O,. In particular, Q, contains D,
and F,.

It can be proved that also Q, is simple and the above considerations apply.

Since it will be very useful in the sequel, we introduce the so called canonical repre-
sentation. Denote by {e;}rez the canonical basis of £5(Z) and define

7w Qy — B(ly(Z))

as m(Sy)ey, := eqp, m(U)ey := e,1. We observe that m(S,55 )l5(Z) = span{ey;,i € Z}.
This representation is faithful. We observe this representation restricts to a representa-
tion of O,. Larsen and Li discussed necessary and sufficient conditions under which one
may extend a representation of O, to Q,. In particular, a representation is extensible
if and only if the unitary components of the Wold decomposition of the isometries are
unitary equivalent.
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1.6 Clifford algebras

The purpose of this short section is to recall the definition and the fundamental proper-
ties of Clifford algebras. For further details the interested reader is referred to [LM16]
and [GBVF00].

Let V be a finite dimensional vector space over a field K (of characteristic # 2) and
q be a symmetric bilinear form. The Clifford algebra (C1(V,q),7) may be defined as the
quotient of the tensor algebra T(V) = K& P, ., V®* with respect to the ideal Z(V)
generated by the elements v ® w + w ® v — 2¢(v, w) with v, w € V. We observe that the
natural projection w : T(V) = CI(V, q) restricts to an injective map i := 7 [yt V -
CU(V, q).
The Clifford algebra satisfies the following universal property.

Proposition 1.6.1. Let A be a unital associative algebra and ® :' V — A a linear map
such that
O(v)P(w) + D(w)P(v) = 2q(v,w)ly v,w € V.

Then, there exists a unique endomorphism o : CI(V,q) = A that extends . Moreover,
given another algebra CU'(V,q) together with a linear map j : V — CU'(V,q) such that
j)o(w) + j(w)j(v) = q(v,w), then CI(V,q) and CI'(V,q) are isomorphic.

Proof. We begin by showing the existence of such an extension of the morphim. The
universal property of the tensor product yield a morphism ®g : 7(V) — A. Since
Z(V) C ker ®q, thus ®g induces a morphism ® : CI(V,¢q) — A. The extension is
actually unique. Indeed, given to maps ®, and P, be two extensions. Then, they
coincide on V', thus on T (V) and also on CI(V,q).

Now, we take care of the uniqueness of the Clifford algebra. Let C’l'(V, q') be another
algebra satisfying the former property. Consider the two inclusions i : V' — CI(V, q)
and j : V — CU'(V,q') such that i(v)® = ¢(v)1, j(v)* = ¢'(v)1. These maps extends
to morphisms « : CI(V,q) = CI'(V,¢') and 8 : CI'(V,q') = CI(V, q), respectively. We
have that i = foaoi, j = ao o j. By the uniqueness of the extension we have that
ao 3 =1idoyy,y and o a = idoy(y,. Therefore, the morphisms 3 and « are actually
one the inverse of the other. O]

The former proposition tells us that up to isomorphism there exists a unique Clifford
algebra associated with the pair (V,q).

A vector space E is called Clifford module if there exists an homorphism ¢ : CI(V, q) —
End(E). If E is endowed with an inner product (-, )5 , the module F is said a unitary
Clifford module if for all norm-one vectors v € V' the operator c¢(v) € O(FE, (+,*)g).

The Clifford algebra CI(V,q) is Zy—graded ([LM16, p. 9]). In fact, consider the
automorphism « : CI(V,q) — CI(V,q) defined as a(v) = —v for all v € V. This,
automorphism is clearly an involution. Thus Cl(v,q) = Cl(v,q)’ @ Cl(v,q)", with
Cl(V,q) ={z € CU(V,q) | a(z) = (-1)’x}.

We denote by CI(V, q) := CI(V,q) ® C When ¢(z1,...,2,) = Y, 2, we will denote
CI(R", q) simply by CI(R").
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Theorem 1.6.2. ([Fri00, p. 13]) We have that
n 2\ ®k 2"
e Ifn =2m, then CI(R") = End[(C")""] = End[C" ].
k
e if n = 2m + 1, then CI(R") = (End[(C*)®*]) ® (End[(C*)®*]) = End[C* ] @
k
End[C” ].
In particular dim(CI(R")) = 2".
k

We mention that the above vector space C? ,n =2k, 2k + 1, is referred to as the

complex vector space of n-spinors, [Fri00, p. 14].

Now we define inductively a representation of the Clifford algebra CI(R"), see
[GBVF00, p. 333]. Let {e;};~; be the canonical basis of R". Here and in the following

chapter we will denote the represented vectors of the canonical basis with {eﬁ")}{;l For
n =1 set egl) = 1. For n odd

n—2 .
O 0 65- ) (L 0 —i O 1 0
Jj o 6('71—2) 0 ) n—1* i 0 ) n * 0o -1 /"

J

For n even just set €§n) = e§n>+1 :=for j =1,...,n. We observe that for n = 3 we get

the so-called Pauli matrices ([GBVF00, p. 76]), namely
@._ (01 @ ._ (0 —i . (1 0
€1 = 1 0 s €y = i O 5 €3 = 0 -1 .

1.7 Definition and examples of spectral triples and
semifinite spectral triples

In this section we introduce the definition of spectral triple (first the ”classical” type
I case), then the one for the semifinite setting, |[Con94]. We will present some basic
examples of spectral triples, some of which will yield examples of compact quantum
metric spaces.

An odd spectral triple is triple (A, H, D) with

1. Ais a unital dense *-subalgebra of a C*-algebra A;

2. H is Hilbert space;

3. A is faithfully represented on H;

4. D is an (unbounded) self-adjoint operator acting on H;

5. D has compact resolvent;

6. [D,a] € B(H) for all a € A.
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If there exists a self-adjoint unitary operator I' such that I=1and I'D = — DI, the
spectral triple is said to be even.

Ezample 1.7.1. (The circle) The first example is a ”commutative” example, the case of
the circle. Consider the triple (C'(T), L*(T), D = —idy) (cf. [V4r06, Example 3.2, p.
34]). We check the commutator condition. By using the product rule for the derivative
we get

[D, f1(9) = D(fg) - fD(g) = =i(f'g+ fg) — fg' = —if'g

which is bounded since f € C"(T). The condition on the resolvent follows from the fact
that we have that there exists a basis of eigenvector ({e2mn0}neN) with eigenvalues going

27inf ) 27rin0) .

to infinity as n — oo (i.e. D(e = —2mine

Ezample 1.7.2. (The group C™*-algebra) The second example is the basic example of
spectral triple associated with the reduced group C*-algebra of a countable group I
This example was introduced in Connes’ paper [Con89|. We recall that a length functio
on a group I is a function ¢ : T' — R* satisfying

1. £(g) =0 if and only if g = ¢;
2. L(gh) < £(g) + {(h) for all g,h €T
3. 6(g7") = (g) for all g € T.

For example, for the group (Z”,+) one can consider £(g) := ||g||?, where || - || is the
euclidean norm of R”.

The group reduced group C™*-algebra C; (T') is given by the closure of the linear span
of the operators A(g) : £*(T') — ¢*(I') defined as \(g)d;, = 0415 So by definition the
reduced group C*-algebra C(T') acts faithfully on ¢*(I'). Consider the multiplication
operator D = M,. Set C[I'] := span{\(g),g € I'}. If # ¢~'([0,¢]) < oo for all ¢ € R,
then (C[T'],¢*(I"), D) is a spectral triple. For example, let’s check the condition on the
bounded commutator (cf. [Con89, Lemma 5, p. 210]). We observe that it is enough to
check that [ D, A(g)] is a bounded operator. We have that

[D, A(g)]éh = DA(Q)CSh - Myg)Déy, = D5g-1h — L(h)X(g)dp,
= (g~ 0)S )1, = £(1)S 1y, = €0~ h) = £(R)S

So |I[[D, A(¢)16,1] < |€(g~"h) — £(Rh)|. Actually we have that

sup 10(g™" ) = €(h)] = €(g) .

In fact, suppose that £(¢g"'h) < ¢(h). We have that [£(g”"h) — £(h)| = ¢(g""h) — ¢(h).
By using the triangle inequality we get that ¢(g”'h) < €(g~") + ¢(h) = ((q) + ((h)
which gives |¢(g~'h) — ¢(h)| < ¢(g). Suppose instead that £(g~'h) = ¢(h). We have

2Actually the definition of length function makes sense for all groups, usually one requires that it is
continuous.
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that |€(g~"h) = ¢(h)| = ¢(h) — ¢(g""h). By using the triangle inequality we get that
0(h) = €(gg""h) < €(g) + ¢(g""h) which gives |¢(g"'h) — €(h)| < £(g). The reverse
inequality is clear since with & = 1 we get |¢(g” h) — £(R)| = [(g”'1) — £(1)| = ¢(qg).
From this it is easy to see that the commutator is bounded.

The property concerning the compactness of the resolvent is clear since we see that
the operator D has an orthonormal bases of eigenvectors (i.e. the canonical basis of
/*(T") with eigenvalues going to zero as g goes to infinity.

We mention that since C*(I') = C(I') = C(T) we can see that this construction is
actually a generalization of the former example (actually we in the former case do not
chose a length function, but a function n defined by n - m :=m)

Ezample 1.7.3. (The UHF algebra) The third example is the UHF algebra of type r° .
Christensen and Ivan |CI06] introduced a family of spectral triples for AF-algebras
(inductive limits of finite dimensional C*-algebras). In the following chapters we will
consider study the case of UHF algebras, so we briefly discuss the definition of spectral
triple for this algebras.

Consider the projection P, : L*(A,7) — L*(M,, Tr), where Tr : M,(C) — C is the
unique normalized trace, and define

Qn = Pn_Pn—17 TLZO,
E(Qf) = T(Q?)lA .
For any s > 1, Christensen and Ivan ([CI06]) defined the following spectral triple for the

algebra UHF(r™) =

(L, LA 7)., D= "Q,)

n=0

where L is the algebra consisting of the elements of A with bounded commutator with
D. The *-algebra £ can be chosen as the algebraic inductive limit, i.e. alg h_I)n M,(C)®".
It is enough to show that the elements of the following form have bounded commutator
with D

Ty, = I[O,n—l] ®b® I[n7+oo:| n=0

It can be easily seen that
0 ifk>n

[Qkamn] = ido,k—l ® (bTI'(’) - TI‘(b‘)) ®T ifk=n
idyp-1 ® FF® ( ®Z-_j€_+11 Tr(-)) ® (Tr(b:) —bTr(:))® 7 ifk<n.

We have that

n
k
I[D, =, ]Il = 2[|b] (Zr ) < 00
k=0
We mention that it was proved that for any such value of the parameter s, this spectral
triple induces a metric which defines a topology equivalent to the weak-" topology on

the state space ([CI06, Theorem 3.1]).
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Ezample 1.7.4. (Cantor set) Here we introduce a spectral triple for a fractal: the Cantor
set, [GI01]. This fractal can be defined as the product [ [,,{0, 2}, where space {0, 2} is
considered with the discrete topology. It can also be identified with a subset K of the
interval [0, 1] by using the map

[T0.2r 3 {waduer — Y 5

121 nx1

Consider the Hilbert space H := ¢*({a,,b,}) where {a,},»1 and {b,},»1 are sequences
such that b, — a, < b,-y — a,—; and ) b, —a, =1, with | | (a,,b,) =[0,1]\ K. Let
D be the following operator
1 01
D= bn—an< 1 0)

Let £ := Lip(K). The algebra C(K) acts faithfully on ¢*({a,,b,}) by left multiplica-
tion, namely by (fn)(x) = f(x)n(z) for all x € {a,,b,}, f € C(K),n € Lip(K). Then
it can proved that (A, H, D) is a spectral triple. See e.g. |GI01] for further details.

We end this section with the definition of semifinite spectral triple. We will furnish
examples of this kind of spectral triple in the following chapter.

Definition 1.7.5. Let A be a unital C*-algebra. An odd semifinite spectral triple
(L,H,D;A,7) on A, with respect to a semifinite von Neumann algebra M C B(H)
endowed with a n.s.f. trace 7, is given by a unital, norm-dense, “-subalgebra £ C A,
a (separable) Hilbert space H, a faithful representation 7 : A — B(H) such that
7(A) ¢ M, and an unbounded self-adjoint operator DEM such that

(1) (1+ D*)7"is a 7-compact operator, i.e. T(X(r+00) (1 + DH™)) > 0, A > +00,

(2) m(a)(domD) € domD, and [D,w(a)] € M, for all a € L.
The triple (£, H, D; M, ) is even if, in addition,

(3) there is a self-adjoint unitary operator (i.e. a Z,-grading) I' € M such that
w(a)T =T'r(a), Va € A, and DT = -T'D.

The triple (£, H, D; M, 1) is finitely summable if, in addition,

~dJ2

(4) there is d > 0 such that 7((1 + D*)™?) < +0c0.

1.8 Compact quantum metric spaces

In this section we recall the definition and some fundamental properties of compact
quantum metric spaces. We will need these notions in the following chapter. Since
we will actually consider the metric structure associated to a spectral triple, we will
work in the realm of C™-algebras. We mention that it is also possible to define a
compact quantum metric space in a more general setting by working with order-unit
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spaces, however since we do not need such generality we restrict to the particular case
of interest. The results mentioned in this brief section about Compact Quantum Metric
Spaces can be found in [Rie99b,[Rie04) Rie98|, the interested reader is referred to these
papers and to the references therein.

Let A be a unital C*-algebra and let L : A —» R" be a seminorm, i.e. a map such
that L(a + ) < L(a) + L(b) and L(Aa) = || L(a) for all a,b € A, X € C.

The state space S(A) is the vector space of continuous linear functionals ¢ : A —» C
such that (1) = 1 and ¢(a) = 0 for all a = 0. We observe that L induces a pseudo-
metric on the state space

pr(v, ) 2= sup{|¢(a) = p(a)| + L(a) =1} Vi, pe S(A).
Definition 1.8.1. The seminorm L is called a Lip-norm if
1. L(1) =0;
2. L(a) = L(a™) for all a € A;

3. The topology on the state space S(A) induced by the pseudo-metric p; coincides
with the weak-* topology.

We observe that the third condition implies that if L(a) = 0, then a € Cl4. In fact,
let a € A\ Cl, be such that L(a) and consider two states 1, u such that ¥ (a) # p(a)
Now consider the sequence a,, := na (clearly L(a,) = L(na) = nL(a) = 0). We have
that

pr(, 1) 2 [¥(ay) = plan)| = [¢p(na) = p(na)| = nly(a) — pla)] = +oo .

However, the state space S(A) is compact, the metric must have finite values for all
pairs of states, so the former computation yields a contradiction.

Moreover, the topology induced by the pseudo-metric p;, on S(A) is strictly finer
that the weak-* topology, [Rie98|, Proposition 1.4].

Admittedly the third condition of Defintion can be hard to be proven. The
following theorem gives an equivalent formulation of this property that we will use in
the following chapter.

Theorem 1.8.2. Set A:= A/C1 and let 7 : A —» A the natural projection. Consider a
seminorm L on A such that L(1) = 0. Set B, ={a € A| L(a) <1}. Then

1. pp gives S(A) a finite diameter if and only if w(B;) is bounded for || - ||”;

2. the topology induced by py, coincides with the weak-% topology if and only if w(B;)
is totally bounded for || - ||”.

Here we mention the following useful result.

Proposition 1.8.3. ([Rie98]) Let A be a unital C*-algebra and let L and M two densely
defined seminorms. If L(a) < M(a) for all a € A, then py (¢, ) < pr (1, 1) for all 1,
w € S(A). In particular, if py, is finite, then so is py;.
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The following immediate corollary is an easy consequence of the fact that a contin-
uous bijection between compact Hausdorff spaces has continuous inverse.

Corollary 1.8.4. Let A be a unital C*-algebra and let L and M two densely defined
seminorms. Suppose that L(a) < M(a) for alla € A. If p;, induces the weak-* topology
on S(A), , then so does py;.

We will mainly be interested in a class of seminorms, namely the ones induced by
a spectral triple (A, H,D): Lp(a) := ||[D,a]||. This kind of seminorm might seem
special, nevertheless it can be shown that every compact quantum metric space can
be described within this framework. The following discussion shows the universality of
this approach, [Rie04, Section 4, p. 9]. Consider a compact metric space (X, p). Set
Z :={(z,y) € X x X | x # y}. Consider any positive measure p on X whose support
isall X. Let w := (uXx pu) Iz and A := C(X). We have a faithfull representation of
Aon H := L*(Z,w) defined as (f&)(z,y) := f(2)é(x,y) for all f € A, £ € H. Define
(DE)(x,y) :=&(y, x) [ p(x,y) for those & € H such that DE € H. It can be shown that
the associated seminorm L and the corresponding metric induce the same topology as
p (see [Rie04] and the reference therein for further details).

We mention another example of compact quantum metric space, |[Rie98, Section 2].
Let G be a compact group and let £ : G = R be a (continuous) length function. Given
a strongly continuous action a of a compact group G on a C*-algebra A C B(H) we
may define the seminorm on A

L(a) := Sup{W A e}

The condition L(a) = L(a™) follows from the fact that a, is *-homomorphism and that
lla*|| = ||la]|. We recall that an action is called ergodic if the fixed point C*-algebra
A% = C. Tt is clear that property (1) of Definition holds if and only if the action
a: G — Aut(A) is ergodic.

Now we introduce the Gromov-Hausdorff distance. We start with the Hausdorff
distance, [Rie04} p.10]. Let (Z, p) be a compact metric space. For a subset Y of Z and
r € R", we define the open r-neighbourhood by

NP(Y):={z € Z| Ay € Y such that p(z,y) < r}.
The Hausdorff distance between two closed subset X and Y of Z is then defined as
dist’;(X,Y) :=inf{r | Y ¢ X c N2(Y),Y c NP(X)} .

Given a metric space (X, p) denote by M(X, p) the set of non-empty compact subset
of X. It can actually be shown that

e dist;(+,+) is a metric on the set of non-empty compact subset of X;

e M(X,p) is complete if and only if X is complete;
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e M(X,p) is compact if and only if X is compact.

Gromov generalized the notion of Hausdorff distance to general compact spaces X and
Y, not necessarily contained in a bigger set Z. Consider two compact metric spaces
(X, px) and (Y, py'). The disjoint union X UY can be endowed with a family of metrics
such that the restriction to X and Y is px and py, respectively. Denote this set by
M (px, py). Then the Gromov-Hausdorff distance is defined as

dlSthH(X7Y) = 1nf{dlStZ(X7Y)>p € M(anpY)} :

We observe that by definition for any two compact metric spaces we have that dist?,(X,Y") <
distp; (X, Y). It can be proved that given two compact metric space (X, p) and (Y, o),
then distl,;;(X,Y) = 0 if and only if X and Y are isometric.

Now we take care of the case of the generalization to the framework of compact
quantum metric spaces. Let (A, L) and (B, Lg) be compact quantum metric spaces.
Denote by M(L 4, L) the set of Lip-norms on A & B whose quotient seminorm to A
and B are L, and Lg, respectively. This means that if L € M(Ly, L), then

La(a) =inf{L(a,b),b € B}
and
Lg(a) = inf{L(a,b),a € A} .

The distance between the compact quantum metric spaces (A, L4) and (B, Lg) is de-
fined as

dist,(X,Y) := inf{dist; (S(A),S(B)) | L € M(L4, Lp)}
where we identified S(A) and S(B) with a subset of S(A & B).

1.9 Functions of positive type

In this short section we recall the definition of functions of positive type and the corre-
spondence with unitary representations.

Definition 1.9.1. Let I" be a group. A function ¢ : I' = C is called of positive type if
forallr € N, all g;,...,9, € I and all ay,...a, € C, it holds

r

J— -1
> aige(gig; ) 2 0.

3,7=1

We describe an example of a function of positive type. Let © : I' = U(H) be a
unitary representation and let v € H. Then the function p(g) := (7(g)v,v)y is a
function of positive type. The following theorem says that this is the only example of
function of positive type.
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Theorem 1.9.2. Let p : I' = C be a function of positive type. Then there exists a triple
(7, "y, &) consisting of a cyclic unitary representation m, : I' = U(H,) and a cyclic
vector , € H,, such that

©(g) = (m,(9)6,, &) Yger.

Proof. Denote by C[I'] the space of finite linear combinations of elements of I'. We
define the following sesquilinear form on C[I']

(Z a;9i, Z@:ﬁh‘) = Z:aib_j@(gigj_l) .
el i€l el

which is always non-negative by the definition of function of positive type. Let N,
be the subspace consisting of finite formal linear combinations ) , . a;g; such that
(Y ier @i9is Y ser @igi) = 0. Now C[T']/N,, is a pre-Hilbert space. Let H,, be its comple-
tion and denote by (-, ), the induced inner product. The pair (H,,{-,*),) is a Hilbert
space. Now we set &, := [e] € H,,, with e being the neutral element of I'. We define =,

as follows
m,(x) (Z aigi) = Zai (g;x) x€el.

1€l i€l

where ) . a;g; € H,. This is a unitary representation. Indeed,

(Z a;g;x, Z aigix>so Z aia_jsf)([gix][gjx]_l)

el el i,j€T
_ -1 -1
= ) agp(grr'g')
i,J€l
— -1
= Z Gz‘%‘(ﬂ(gz‘gj )
i,j€r
= (Z a;Gi, Zaigi>tp .
el el



Chapter 2

Spectral triples for noncommutative
solenoidal spaces from self-coverings

In this chapter we introduce the definition of noncommutative covering with an abelian
group of deck transformations. Self-coverings naturally lead us to consider inductive
limits of algebras (i.e projective limit of commutative and noncommutative spaces).
In fact, given a noncommutative self-covering consisting of a C*-algebra with a unital
injective endomorphism (A, «), we study the possibility of extending a spectral triple
on A to a spectral triple on the inductive limit C*-algebra, where the inductive family
associated with the endomorphism « is

Ay == A = Ay = A ., (2.0.1)

all the A, being A. The algebra A, may be considered as the n-th covering of the
algebra A, w.r.t. the endomorphism «. As a remarkable byproduct, all the spectral
triples we construct on the inductive limit C*-algebra are semifinite spectral triples.
We describe in detail some examples, namely the cases of p-dimensional tori, rational
rotation algebras (i.e. noncommutative tori associated with a rational parameter), some
crossed product C*-algebras, and the UHF algebra. This chapter is based on the results
contained in the paper [AGI].

2.1 Noncommutative coverings w.r.t. afinite abelian
group

2.1.1 Spectral decomposition

The aim of this section is to describe a spectral decomposition of an algebra in terms of
an action of a finite abelian group. For more details and a general theory the interested
reader is referred to [Ped79].

Let B be a C*-algebra and I' be a finite abelian group which acts on B (we denote
the action by ). Let

By :={be Bst. v,(b) = (k,g)b YgeTl}, kel.

28
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Proposition 2.1.1. With the above notation,

(1) B,B, C By, in particular each By is an A-bimodule, where A is the fized point
subalgebra,

(2) if by, € By, is invertible, then by,",br € By,
(3) each b € B may be written as Y , ¢ by with by € By,.

Before proving this proposition we recall that by the Schur orthogonality relations,
[Ser12|, given T" a finite abelian group, T its dual,

> (k.g) = 0,.-IT| Vgel. (2.1.1)
kel

Proof. The first two properties follow by definition. Let us set

def 1

Then, by ,
1 _
Zbk = mzz<k 179)79(1))
k

kel

() = ﬁhgw%hwﬂh(b)
= (7 g )
= (kag>bk

2.1.2 Noncommutative coverings

Definition 2.1.2. A finite (noncommutative) covering with abelian group is an inclu-
sion of (unital) C*-algebras A C B together with an action of a finite abelian group I
on B such that A = B". We will say that B is a covering of A with deck transformations
given by the group I'.
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Let us denote by MF(B ) the algebra of matrices, whose entries belong to B and are
indexed by elements of L. Then, to any b € B, we can associate the matrix M (b) €
M7 (B) with the following entries

M), = by_y, h, keTl.
By the definition of b, the following formula easily follows
M(b)M(b') = M(bb"). (2.1.2)
The following definition is motivated by Theorem below.

Definition 2.1.3. We say that the finite covering A C B w.r.t. I' is regular if each By,
has an element which is unitary in B, namely we may choose a map ¢ : [' = B such
that o(k) € U(B) N By, with o(e) =

Remark 2.1.4.

(i) Example shows this assumption does not always hold.

(i7) In the previous definition, it is enough to ask that each B; has an element which is
invertible in B. Indeed, if C' € B;, is invertible, and C' = UH is its polar decomposition,

then H = (0*0)1/2 € A. Tt follows that U is unitary and belong to B.

(ii1) Regularity also implies that the action is faithful. Indeed, if g € T' acts trivially, we
may find k& € I' such that (k, g) # 1, therefore the equation v,(b) = (k, g)b is satisfied
only for b = 0, and B;, does not contain invertible elements.

For regular coverings, we can define an embedding of B into Mp(A). Set
M(b)u = o(h) " M (D)o (k) = o (h) bpyo(k),  hik €T
It follows from Proposition that M(b)n., € A.

Theorem 2.1.5. Under the reqularity hypothesis, the algebra B is isomorphic to a
subalgebra of matrices with coefficients in A, i.e. we have an embedding

B o A® M:(C). (2.1.3)

Proof. Tt is easy to show that M (b*);, = (M(b)y;)", Vb € B, j,k € . That the product
is preserved, namely

M) = ) M) M (1)

follows easily from ([2.1.2]). m

In this paper we are mainly interested in self-coverings, namely when there exists an
isomorphism ¢ : B — A or, equivalently, A is the image of B under a unital endomor-
phism « = j o ¢, where j is the embedding of A in B.
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Theorem 2.1.6. Given a (noncommutative) reqular self-covering with abelian group
', we may construct an inductive family A; associated with the endomorphism o as in
[Cun82|. Then, setting r = |T'| = |T'|, we have the following embedding:

limA; > A® UHF(r™).

Proof. By applying Theorem m J times, we get an embedding of A; into A ® M? i
The result immediately follows. n

The following example shows that the regularity property in Definition is not
always satisfied.

Ezample 2.1.7. Let B = M3(C), T' = Z, = {0,1}. We have the following action ~ on B:
Yo = id, v, = ad(J), where

1 0 0
J=1 0 -1 0
0o 0 -1
Therefore
a 0 0 0 a b
BOZA:BF= r€B:x=| 0 b ¢ |}, Bi=3xz€eB:x=| ¢c 0 0
0 d e d 0 0

Hence B; has no invertible elements.

2.1.3 Representations

Proposition 2.1.8. Consider a (noncommutative) regqular self-covering A C B with
abelian group T'.

(1) A representation m of A on a Hilbert space H produces a representation © of B on
H®C', r = |T'|, given by w(b) := [w(M()ns) Inrer € Mp(B(H)) = B(H®C"), Vb € B.

(2) If the representation of A is induced by a state ¢ via the GNS mechanism, the
corresponding representation of B on H ® C" is a GNS representation induced by the
state @, where p(b) = ¢ o Er, and Ep is the conditional expectation from B to A.

Moreover, the map
B - A®C’

-1

b oo (a)e =00 b (2.1.4)
ilj

extends to an isomorphism of the Hilbert spaces L*(B, @) and L*(A, ) ® C".

Proof. (1) It is a simple computation.

(2) Denoting by &, the GNS vector in H, we set f:p to be the vector {, in H, and 0 in
the other summands. It is cyclic, because

F(b)E, = ®pep (k) bk
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Since &, is cyclic for A, {a(k;)_lbk@, 1 b, € B} is dense in H. It induces the state @,
since

(égm%(b)gso) (5907 6550 - ( Z 'Yg(b)) =po EF(b)

gEF

The isomorphism in (2.1.4)) follows by the GNS theorem. O

2.1.4 Finite regular coverings

In this subsection we discuss the relation between our definition of (noncommutative)
finite regular covering and the classical notion of regular covering. As a byproduct of an
analysis on actions of compact quantum groups, it was proved in [BDCH)] that a finite
covering is regular iff the “can” map is an isomorphism. More precisely, if X and Y are
compact Hausdorff spaces and m : X — Y is a covering map with finite group of deck
transformations I', X is a regular covering of Y if and only if the canonical map

can : C(X) ®c(y) C(X)-C(X)eC(IN)
[1® fo = (fi ®1)d(f),

is an isomorphism of C*-algebras, where § f = der Yo (f) ® Xgs 7y : T = Aut(C(X))
and x, denote the action induced by I' and the characteristic function on elements of
[, respectively.

The map can for classical coverings makes perfect sense in our case too

can: B®,4 B - B C(T),

where can(z®y) = (z®1)d(y) and (y) = ) cp V51 (¥)® X, In our framework, however,

the canonical map is no longer a morphism of C*-algebras, it is a morphism of (B — A)-
bimodules. In fact, this map clearly commutes with the left action of B. Moreover, the
right action A commutes with can since 0|4 = id. The following theorem shows that,
under the regularity property of Definition the can map is an isomorphism, that
is, the regularity property according to [BDCH].

Theorem 2.1.9. Under the above hypotheses, the map can : B®& 4B - B® C(T") is an
isomorphism of (B — A)-bimodules.
Proof. The group I' X I' clearly acts on B ® 4 B, the eigenspaces being (B ® 4 B),x =

{o(j)a®c(k):a€ A}, (j,k) € [ xT'. Therefore the elements of B® 4B can be written
as

z= Z o(jlajr®o(k) ajx €A
4,kel’
Suppose that can(z) = 0. We want to prove that z = 0. Using the fact that B is the
direct sum of its eigenspaces we get

can(z) = z Z kyo(jlajro(k) ® x, =0

gel“] kel

= ) {9 kKo(jao(k)=0 VYgeT,

j.kel’
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where a;; € A. Now we show that any a;;, is zero. In fact, multiplying by (g,¢) and
summing over g € I', we get

0= (0.0 ) (g Ko(Dago(k) = Y {g.th Yo (Dazo(k) =T )_o()asuo(k).

g€er jkel j.kel jel'

which implies that a;;, = 0 for all j,k € f, so that z = 0.
Consider der b(g) ® x,, we want to show that it can be obtained as can(z) for some
z € B® 4 B. By the above computations, it suffices to solve the following equation, for

any ¢ € I,
> (9, 06(g) = ) (9.0) ) (g™ k)o(i)ajro(k),

g€er g€er j kel
which, using (2.1.1]), may be rewritten as

D (9.00(0)a (k)™ = |11 )_o()ay.

gel’ jel

Since each b(g) is given, the coefficients a;;, can be uniquely determined using again the
decomposition of B in its eigenspaces. O]

2.2 Self-coverings of tori

2.2.1 The C*-algebra and its spectral triple

We consider the p-torus T” = R” /Z” endowed with the usual metric, inherited from R”.

On this Riemannian manifold we have the Levi-Civita connection VLC = d and we can
[p/2]
define the Dirac operator acting on the Hilbert space e LZ(TP ,dm)

p

D=—izga®8a,

a=1

where € = (¢")* € Myw21(C) furnish a representation of the Clifford algebra for the p-
torus (see [LM16] for more details on Dirac operators). Therefore, we have the following
spectral triple

[p/2] P
(CY(T"),C* ® LX(T".dm),D=—iy ' ®0").

a=1

2.2.2 The covering

Consider an integer-valued matrix B € M,(Z) with |det(B)| =: r > 1. This defines a
covering of T” as follows. Let us set T; = R”/BZ" seen as a covering space of T, := T".
Clearly Z" acts on T, by translations, the subgroup BZ" acting trivially by definition,
namely we have an action of Zp := Z/BZ" on T,, which is simply the group of deck
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trasformations for the covering. We denote this action by v. We are now in the situation
described in the previous section, with A = C(T,) the fixed point algebra of B = C'(T;)
under the action of Zg. These algebras can be endowed with the following states,
respectively

To(f) = § fdm, f €A,
1
n(f) = Taet(B)] Tlfdm, | €B,

where dm is Haar measure.

Proposition 2.2.1. The GNS representation 7, : B —» B(L*(B, 7)) = B(L*(T,,dm))
is unitarily equivalent to the representation w, obtained by my : A = B(L (A, 1)) =
B(L*(Ty,dm)) according to Proposition .

Proof. By the GNS theorem it is enough to check that 71 = 7y 0 E, where E denotes the
conditional expectation from B to A. This follows from the following observation on the
associated measures: they are both probability measures that are traslation invariant,
by the results on Haar measures the claim follows. O

In order to apply the results of the previous section, we need to choose unitaries in
the eigenspaces By, k € Zp, namely a map o : g € Zp — U(B) N B,.

With T, —Rp/Zp T, = R’/BZ", Zp = 7' | BZ" as above, set A = (B")™", (z,y) =
eXp(Zmza L2y ) w,yERp.

Lemma 2.2.2. With the above notation
(1) the cardinality |Zg| = r,

(2) the following duality relations hold: T, = (R”/Z") = 7P, T, = (R"/BZ") = AZ?,
Zy = (Z°|BZP) = AZ" | 7",

In particular, the duality (z,g), g € T,z € AZ" induces the duality {k,g),, g €
Zg.k € Zg, namely if g € Zg C Ty, (z,9) = (2,9),, where  denotes the class of z in
ZE. For this reason we drop the subscript o in the following.

Proof. The proofs of the claims are all elementary. We only make some comments
on the first one. It is well known that each finite abelian group is the direct sum of
cyclic groups and that the order of these groups can be obtained with the following
procedure. Let D = SBT the Smith normal form of B, where S,T € GL(p,Z) and
D = diag(d,,--+d,) > 0. Therefore, we have that Zg = Z’/BZ" = Z"|DZ". As B is
invertible, so is D and all the diagonal elements are non-zero. Thus, Zp = Zg, ®...©Z,,

and |ZB| =d1'...~dp=det(D) =idet(B) L]
Let us consider the short exact sequence of groups

0— 7' — A7’ — 7y — 0. (2.2.1)
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Such central extension AZ? of Zg via Z can be described either with a section s : Zp —
AZP or via a ZP-valued 2-cocycle w(k, k') = s(k) + s(k') = s(k + k'), see e.g. [Brol2].
We choose the unique section such that, for any k € Zg, s(k) € [0,1)".
Remark 2.2.3. The mentioned choice of the section s will play a role only later. For the
moment, we only note that it implies s(0) = 0, hence w(k,0) = 0 = w(0, k).

The covering we are studying is indeed regular according to Definition [2.1.3] since
we may construct the map o as follows:

o(k)(t) := (s(k),t), keZgteT,. (2.2.2)

2.2.3 Spectral triples on covering spaces of T"

Given the integer-valued matrix B € M,(Z) as above, if T" is identified with R”/Z",
then there is an associated self-covering 7 : ¢t € T" — Bt € T'. We denote by a the
induced endomorphism of C(T"), i.e. a(f)(t) = f(Bt). Then we consider the inductive
limit Ae, = lim A, described in ([2.0.1), where A, = A for any n.

In the next pages it will be convenient to consider the following isomorphic inductive
family: A,, consists of continuous B"Z"-periodic functions on R”, and the embedding is
the inclusion. In this way Ae may be identified with a generalized solenoid C*-algebra
(cf. [McC65|, [LP13]).

Since T, = R”/B"Z" is a covering space of T, := T”, the formula of the Dirac
operator on T,, doesn’t change. Therefore, we will consider the following spectral triple

(p/2] P
(CN(T.).€"" @ LT, Sdm). D = =i ) < ©").

a=1

The aim of this section is to describe the spectral triple on T,, in terms of the spectral
triple on T(. Consider the short exact sequences of groups

0— B"7Z' — B"'7"P — 75 — 0, (2.2.3)
0— A"'7P — A"ZP — Ty — 0, (2.2.4)

where Zp is now identified with the finite group in (2.2.3)), hence is a subgroup of T,,.
The central extension A"Z" of Z; via A"'ZF can be described either with a section
Snt Zp — A"ZP or via a A" ' ZP-valued 2-cocycle w, (k, k') = s, (k) + s, (k') = s, (k+k'),
see e.g. [Brol2]. We choose the unique section such that, for any k € Z;, sp(k) €
A"7[0,1)", and observe that this is the same as choosing s, (k) = A" 's;(k). In the
same way, the second extension B"'Z” of Zy via B"Z" can be described either with a
section 5, : Zp — B"'ZP or via a B"Z -valued 2-cocycle &, (k, k') = 5,(k) + 5, (k') -
S,(k + k). We choose the unique section such that, for any k € Zg, 5,(k) € B"[0,1)".
The following result holds

Proposition 2.2.4. Any function & on T; can be decomposed as & = Zkeig &, where

&)= BN =7 Y (~kg)lt—g). teT =E'/BZ"

9€Lp
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Moreover, this correspondence gives rise to unitary operators
2 i ® 2 i-1 2 i-1 r
v, : L°(T;,dm/[r) - Z — LY(T,_y,dm/r ") = L(T,_;,dm/r ") ®C
k€Zp
® -1
¢ by o) G

k€eZp

The multiplication operator by the element f € A; is mapped to the matriz M,(f) acting
on L*(T;_y,dm/r'™") & C" given by

M, (f);x(t) = (s(5) = s(k), ) f-x(t), Gk € Zp.

In particular, when f is B~ Z-periodic, namely it is a function on T;_,, then M, (f);x(t) =
f(t)o;k, i-e. a function f on T,_; embeds into B(L*(T;_y,dm/r" ")) ® M,(C) as f® 1.

Proof. The statement follows from the analysis of Proposition [2.1.8] in particular here
by = &, M(D) = M,.(f). o

[p/2]
Theorem 2.2.5. The Dirac operator D,, acting on e L2(']I"m Tindm) gives rise to
an operator, which we denote by En, when the Hilbert space is identified with the Hilbert

[p/2] =
space C° ® L*(Ty,dm) ® (C")®" as above. The Dirac operator D,, has the following

form:
— P n
D,=V,D,V, =Dy®I-2r) "®I® ( > 17" @ diag(s(+)") ® 1®”‘h),
a=1 h=1
— [p/2]
where diag(s,(+)*)jn = 0;15;(k)* for j,k € Zg, the unitary operator V;, : c?

[p/2] _
L*(T,, Ldm) » C*" " ® L*(Ty,dm) ® (C")®" is defined as V,, := I ® [(v; ® Q') I) 0
(vy ® ®;:12 I)o---o0uw,]. Moreover, we have the following spectral triple

. 1 2[p/2] 2 r\®n
(£, :=C(T,),C" &L (Ty,dm)® (C)",D,).

Proof. First of all we prove the formula for n = 1. We give a formula for D; acting

2[?/2] 2 1 2[?/2] 2 r
on C ® L (Tl,;dm) = C ® L°(Ty,dm) ® C'. Let us denote by {n}rez; a
/2]

[
r-tuple of vectors in " @ L*(T,,dm), so that & := Zkezg o(k)n, is an element in



CHAPTER 2. NONCOMMUTATIVE SOLENOIDAL SPACES FROM SELF-COVERINGS37

olp/2]

C ® L*(T,, %dm), and B (€) = o(k)n, k € Zp. Then, for any ¢ € T,, we get

Di(y mm() = WDV (Y —mi(1))
=30 Hst) Y (=)D Y (s(k).~t + gt~ 9)

=Y G Y (k) D((s(k). ~thni (1))
k€Zg 9€Zp
= 3 (s, D ({s(R), =thme(1))

=iy Y (), "D ((s(k), =t (1))

i) Y e (= 2mis(k) mi(8) + 0" me(1))

P
-y ( — 27" @ 1 ® diag(s(k)" )yers — ic” ® 0" ® 1) > (o).
B
a=1
The formula for n > 1 can be obtained by iterating the above procedure. O

2.2.4 The inductive limit spectral triple

The aim of this section is to construct a spectral triple for the inductive limit ll_r)n A,. We
begin with some preliminary results. A matrix B € M,(Z) is called purely expanding
if, for all vectors v # 0, we have that ||B"v|| goes to infinity.

Proposition 2.2.6. Assume det B # 0, A = (B")™". Then the following are equivalent:
(1) B is purely expanding,
(2) [|A"]] =0,
(3) the spectral radius spr(A) < 1,

(4) X0 1471 < o0,
Proof. (1) < (2) Consider a vector w = B"v/||B"v||, then, from the identity

]l

1B w]| = =
15"l

we deduce that (1) is equivalent to ||B™"v|| = 0, for all v # 0. The latter is equivalent
to (2) by the identity (A"v,v) = (v, B""u), for any vectors u, v.

(2) = (3) We argue by contradiction. Let A € sp(A) have modulus |\| = 1, and
consider an associated eigenvector v # 0. Then, we have that ||A"v|| = |\|"||v]| + 0.
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(3) = (4) Let A = C"'(D + N)C be the Jordan decomposition of A, where D is
the diagonal part, and N the nilpotent one. Then

1D+ N1 = 1] Z(?)D”Wn < Z(?)IID”‘jII

J=0

= i (?)spr(A)”_j < spr(A)" (i njspr(A)_j) (2.2.5)

n(nfspr(A))" -1 n’

= spr(A < AP
spr(A) nfspr(A) — 1 ——spr(A)
where we used N” = 0, ||N?|| = 1, ||D]| = spr(A), so that the series Y o 1A
converges.
(4) = (2) is obvious. O

Theorem 2.2.7. Assume now that B is purely expandmg and consider the C*-algebras
= C(R"/B"Z"), which embed into Myw=(C) ® B(L" (To,dm)) ® M,»(C), and the

[p/2]
Dzmc operators D, €B(Hoy) ® UHF(r™), where Hy := C* ® L*(T,,dm). As a con-
sequence, Ao, embeds in the injective limit

lim B(Ho) @ M,(C) = B(Hy) ® UHF (")

hence in B(Hy) ® R, where R is the injective type II, factor. Moreover, the operator
Dy, has the following form:

Do =Dy ® I — 27TZ€ @I@(ZI ®diag(sh(-)“)>.

a=1

In particular, Do, is affiliated to B(Hy) ® R = M and has the form Dy ® I + C, with
C =C" € B(Hy) ® UHF(r™) ¢ B(H,) ® R = M.

Proof. The formula and the fact that D, is affiliated to M follow from what has already
been proved and the following argument. We posed s, (k) € A" [0, 1), therefore

-1 -1
maxyezy |5, (B)|| = sup [|[A" x| < [|A" || Vp.

z€[0,1)P

As a consequence, for any a € {1,...,p},

|| diag (s, (k)a)eezz |l = maxyezs |5, (k)a| < maxezs |5, (B)]] < [|A"||v/p.

Recalling that Do, = Dy ® I + C, with C' = 27‘(28 ®I® ( Z e diag(sh(k)a)),
a=1
we get, by Proposition - 2.2.6| and the estimate above, that C' is bounded and belongs to

Moyi21(C) ® C ® UHF(r®), while Dy€B(H,). O
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Theorem 2.2.8. Let {(A,,p,) : n € NU{0}} be an inductive system, with A,, = A,
and @, + A, = A,.1 is the inclusion, for all n € N. Suppose that, for any n €
N U {0}, there exists a spectral triple (L. "o, D) on A, with H, = Hy ® (C)®",
D, =Dy®1+C,, C, € B(H,) ® M,(C)®" c B(H,y) ® UHF(r®) is a self-adjoint
sequence converging to C € B(Hy) ® UHF(r™), and Do = Dy ® I + C. Let d be the
abscissa of convergence of Cp, and suppose that ress—q(T(Dp + 1)_5/2) exists and is finite.
Let Lo 1= ULy, Then (Loo, B(Ho) ® R, Ho ® L (R, 7), Do) is a finitely summable,
semifinite, spectral triple, with the same Hausdor[f dimension of (L, Ho, Dy). Moreover,
the volume of this noncommutative manifold coincides with the volume of (Lo, Ho, Do),
namely the Dizmier trace 7, of (D2, + 1)_d/2 coincides with that of (Dg + 1)_d/2 (hence
does not depend on w) and may be written as:

— 1 t
(DS + 1)) = lim —— L (iozanyre(s))" ds

Proof. As for the commutator condition, we observe that for each f € £,, we have that
[Deo, f] is bounded since [D,, f] is bounded.

We now show that D, has T-compact resolvent, where 7 is the unique f.n.s. trace on
B(H,) ® R. Indeed, on a finite factor, any bounded operator has 7-finite rank, hence is
T-compact. Therefore, since D, has compact resolvent in B(H,), Dy ® I has 7-compact
resolvent in B(H,)®R. We have (Dy®I+C+i)™" = [I+(Dy®I+i) " C]  (Dy®@I+i)™" =
(Do®I+i) ' [I+C(Dy®I+i)""]", where [+C(Dy®I+i)" and I+(Dy®I+i) ' C have
trivial kernel and cokernel. Indeed Ran(I+(Dy® I +i) 'C)" = ker(I+C(Dy®I—i)""),
and (I + C(Dy® I +i) )z =0 means (C + Dy ® I)y = Fiy with y = (Dy ® I +i) 'z,
which is impossible since C + Dy ® I is self-adjoint. Moreover, ker(I + (Do ® I +i)~"C)
is trivial. In fact, (I + (Dy ® I +4)”'C)z = 0 implies that (Dy ® I + C)z = Fiz which
is impossible because Dy ® I + C is self adjoint. Therefore I + C(Dy ® I + )" has
bounded inverse, hence Dy ® I + C' has 7-compact resolvent.

Since Dy has spectral dimension d, I'ess=d(T(D[2)+1)_8/ 2) exists and is finite. Then, ap-

plying Proposition , in the appendix, we get res,_,(7(Dj + 1)_5/2) = res,.(T(D2, +
1)™*/%). The result follows by [CRSS07], Thm 4.11. O

Corollary 2.2.9. Let (L,,, H,, ﬁn) be the spectral triple on T,, constructed in Theorem
and let us set Lo, := U oLy Moo i= B(Ho) ® R, Heo := Ho ® L*(R, 7). Then
(Lo, Moo, Hoo, Doo) is a finitely summable, semifinite, spectral triple, with Hausdorff
dimension p. Moreover, the Dixmier trace 1, of (Ezo + 1)_‘@/2 coincides with that of
(Dg + 1)_’)/2 (hence does not depend on w) and may be written as:

1 t
w((D + 1) -p/2 ) = lun 10gtJ (,LL(D(2)+1)—1/2(5))p ds

Proof. By construction, L, is a dense *-subalgebra of the C*-algebra Ae C M. The
thesis follows from Theorem 2.2.8 and the above results. O
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2.3 Self-coverings of rational rotation algebras

2.3.1 Coverings of noncommutative tori

Let Ay be the noncommutative torus generated by U,V with UV = eQﬂMVU, v €[0,1).
Given a matrix B € My(Z), det B # 0, B = (CCL Z), we may consider the C*-subalgebra

Ag generated by the elements
U, =0V, Vv, =UV" (2.3.1)

We may set W(n) := U V"™ withn € /i By using the commutation relation between
U and V, it is easy to see that

W(m)W(n) - 6—27ri9m2n1’

. (2.3.2)
W(n)k — e mifk(k l)nanW(kn), Vi e 7.

Lemma 2.3.1.

(i) A = Ay = r = |det B| = 1.
(ii) A5 = Ay, where 9" = rd.
(iii) Ay = Ay iff r =, £1.

-1
Proof. (i)(<=) By using equation ({2.3.2)) it can be shown that the generators of (A5)P
are

midbd(1—a+c) det B
( ) U,

UQ =€
midac(l+b—d) det B
, = gridecisb-d)det By,

Hence A, = (45)° c A% ¢ Ay, namely these algebras coincide.

(i1) We compute the commutation relations for U; and V;, getting U, V; = g2midet BﬁVl U,.
Since Aget gy = A,y, the statement follows.

(ii1) We have Ay = Ay <= 9+ € Z < (r +1)9 € Z. This means in particular
that ¥ = p/q, for some relatively prime p,q € N, and r =, +1.

(i)(=) Finally, we observe that Ay = A5 = Ay = Ay. In the following section
(Remark D we show that AE is a proper subalgebra of Ay when r # +1, thus
completing the proof of (). O

On the one hand, the previous Lemma shows that, setting J,, = 7~ "9, the algebras
Ay, form an inductive family, where Ay, | can be identified with the subalgebra Afk of
Ay, . The inductive limit is a noncommutative solenoid according to [LP13,LP16].

On the other hand, since in this paper we are mainly concerned with self-coverings,
we will, in the following, consider only the rational case ¥ = p/q, with r =, 1. Possibly
replacing B with —B, this is the same as assuming det B =, 1.



CHAPTER 2. NONCOMMUTATIVE SOLENOIDAL SPACES FROM SELF-COVERINGS41

2.3.2 The C*- algebra, a spectral triple and the self-covering
A description of A,

We are now going to give a description of the rational rotation algebra making small
modifications to the description of Ay, 6 = p/q € Q, seen in [BEEK92|. Consider the
following matrices

(Uo)nk = 5h,k€2m(k_1)07 (Vodnk = Ona1 s + 0p g0k € M,(C)

and

J=( Y é)e]\/[g(@).

We have that UpVy = ¢”™VoUy. Let n = (ny,ny) € Z* and set Wy(n) o Uy V',
Yu(F)(@) := Ad(Wo(Jn))[f(t —=n)] = Vo Uy " f(t = n)Uy*Vy ™. Since formula (2.3.2)
holds whenever two operators satisfy the commutation relation UV = ™ VU, the
following formula holds
Wy(n)* = ¢ ™ RE=mnayy g0y Yk e Z. (2.3.3)
We have the following description of Ay (cf. [BEEK92])
Ay ={f € C(R", M,(C)) : f=7u(f),n € Z’}.

This algebra comes with a natural trace
1
G RO
To

where we are considering the Haar measure on Ty and tr(A) = ) ; a;. We observe that
the function tr(f(¢)) is Z*-periodic. The generators of the algebra are

U(ty,ta) = 2 Up,
V(t17t2) = 627ri%vo-

They satisfy the following commutation relation
Ut) v =P viu)t, a,BeZ.
We set W(n,t) = U)"V(t)™, Yt € R*, n € Z*, and note that

W (m, )W (n,t) = T (0, )W (m, 1),
U(t) = W((1,0),1),
V() = W((0,1),1).

We observe that 3, (f)(t) = Ad(W (Jn, t))[f(t —n)], Vt € R®, n € Z°.
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A spectral triple for A,
Define

L= {ZarsU’“vs (ay,) € S(ZQ)},

s

where S (ZQ) is the set of rapidly decreasing sequences. It is clear that the derivations
0; and 0,, defined as follows on the generators, extend to L,

omihU" VvV
omikU" V.

(UM™Y
A (U"V)

Moreover, the above derivations extend to densely defined derivations both on Ay and
L*(4,7).

We still denote these extensions with the same symbols. We may consider the fol-
lowing spectral triple (see [GBVFO00, Section 12.3])

(L9, C*® L*(Ap,7),D = —i(c' ® 0, + £ ® 3,)),

where 51, % denote the Pauli matrices. In order to fix the notation we recall that the
Pauli matrices are self-adjoint, in particular they satisfy the condition (¢")* = I, k = 1, 2.

The noncommutative self-covering

plq, B € My(Z) be a matrix such

Let A = Ay be a rational rotation algebra, 9
d -

that det B =, 1, r := |det B| > 1, and set Cp = (—b ac) the cofactor matrix of B,

and A = (B")™". Then a self-covering of A may be constructed in analogy with the

construction for the classical torus. Consider the C*-algebra

B:={f € CR* M,(C)) : f=3p,(f),neZ

This algebra is generated by the elements

UB(t) Wo(CB€1) o = (1) o = (O) (2 3 4)
VB(t) 71'u9ac(1+b d) 2mif(Aesy,t) WO(CBGQ) 1 ) 2 ) ..

7ru9bd(1 a+c) 2mif( Aeq ,t)

and can be endowed with a natural trace

1

Tl(f) = qldetB|

w(f(t))dt,  f€B.

The action 7 of 7’ on B , being trivial when restricted to BZQ, induces an action of Zg.

Remark 2.3.2. The algebra A coincides on the one hand with the fixed point algebra
w.r.t. the action of Zp, and on the other hand with the algebra B” constructed as in
(2.3.1)). In fact, by using (2.3.3), a straightforward computation shows that the elements
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U,V that generate A are given by U = Ung, V = UéVg , proving that the inclusion
A C B is a non-abelian self-covering w.r.t. the group Zg. Since C(T;) is the center of
B, the action of Zp restricts to the action of Zg on C(T,) described in the previous
section. Therefore, the covering we are studying is regular according to Definition [2.1.3]
with the same map o as that for the commutative torus, see . In particular the
action of Zg is faithful (cf. Remark 2.1.4), hence the inclusion A C B is strict since
|Zg| = | det B| > 1.

Proposition 2.3.3. The GNS representation m, : B — B(L*(B, 7)) is unitarily equiv-
alent to the representation obtained by my : A — B(LQ(A, 7)) according to Proposition
2.1.8

Proof. It is enough to prove that 7
from B to A. We have that

To © E, where E is the conditional expectation

Q|

wlE(N] = 7 [ wlE(®]-
= & Y el =

TOneZB

1 o

- ﬁ TonEXZ:Btr[f(t_n)]z

= & [ uror=nn.
Ty

.

J

]

2.3.3 Spectral triples on noncommutative covering spaces of

Ay

Given the integer-valued matrix B € M,(Z) as above, there is an associated endomor-
phism « : Ay = Ay defined by a(f)(t) = f(Bt). Then, we consider the inductive limit
A = li_r)n.An described in (2.0.1), where A, = A for any n.

As in Section [2.2] it will be convenient to consider the following isomorphic inductive
family: A,, consists of continuous B"Z*-invariant matrix-valued functions on R2, ie

Ay i={f € C(R*, M,(C)) = f =Tpra(f),n € Z°},

with trace

1
Rl RGO

and the embedding is unital inclusion a4y ¢ Ap < Agsq. In particular, Ay = A, and
A; = B. This means that A, may considered as a generalized solenoid C*-algebra (cf.

[McC65), [LP13]).
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On the n-th noncommutative covering A4,,, the formula of the Dirac operator doesn’t
change and we can consider the following spectral triple

(£".C* @ L' (A7), D = ~i(c' 0, + " ® ).

The aim of this section is to describe the spectral triple on A,, in terms of the spectral
triple on Ay = Ay.

We will consider the two central extensions ([2.2.3]) and (2.2.4)) (case p = 2) with the
associated sections s, : Zp — A"Z* and 5, : Zp —» B"'Z* defined earlier.

The following result holds:

Theorem 2.3.4. Any b in A; can be decomposed as b = Zkez—; by, where

bt =+ 3 (=k,g)7,(b(D) € (A (2.3.5)

9gE€Lp

Let ug be the unitary operator on L2(Ai, 7;) implementing the automorphism ~y,. Then,
any & € LZ(.AZ-,TZ-) can be decomposed as & = Zkeig &, where

60 =+ 3 (=k,g)u,(€(1)). (2:3.6)

g€Zp

Moreover, this correspondence gives rise to unitary operators v; : LQ(.AZ-7 7;) — LQ(Ai_l, Tio1)®
C" defined by v, (&) = {a(l{:)_lfk}ke@. The multiplication operator by an element f on
A; is mapped to the matriz M,(f) acting on L*(A,_1,7imy) ® C" given by

Mo (fnp(t) = (s(k) = s(h), =) fua(t), L E€R bk € Zp.
Proof. The statements follow as in Proposition [2.2.4] O

Theorem 2.3.5. Set H, := C’® Lz(AO,E). Then the Dirac operator D,, acting on
C’® LQ(An, T,) gives rise to the operator D, when the Hilbert space is identified with
Ho ® (C')®" as above. Moreover, the Dirac operator D,, has the following form:

2 n
D,:=V,D, V. =D,®1I-2r Zs“ ®I® ( Z 1% @ diag(s; (k) rezz ® 1®"‘J),

a=1 j=1

where V,, : C* ® L*(A,,7,) = Ho ® (C)®" is defined as V,, := 1 ® [(v; ® ®;.:11 I)o
(v ® @y 1)o-o0u,].

Proof. We prove the formula for n = 1, the case n > 1 can be obtained by iterating the
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procedure. Let us denote by {1 },ez; an element in C*® L*(Ay, 7o)

VDIV ( o mel)) = ViDy( Y (s(k), =t)e(t))

keZp
SDWEREONILY WEWITH( W (RORING))
Oy S sk Y (=)D (k). =t + g)m()
k€Zg 9€Zp

- Zjez; Zfs(j)’t)% > (k= j,9)D((s(k), —t)ni(t))
> (k). OD((s(k). ~1)ni(1))

—i Z:@@(k), t) Z(s(k), —t)e"( = 2mis(k) " n(t) + 8" (t))

a=1

2 2
—i zf:a ®0"®I-2r zea ® I ® diag(s(k) )rezs Ze — (1),
a=1

o k€EZp
where in (a) we used the facts that u,0 D = Dowu,, and u, = id on C’® L*(Ay,1). O

2.3.4 The inductive limit spectral triple

Proposition 2.3.6. The C"-algebra A, embeds into B(Hy) ® M,»(C). As a conse-
quence, Ao, embeds into the injective limit

lim B(H,) ® M,»(C) = B(H,) ® UHF(r"™)
hence in B(Hy) ® R, where R is the injective type 11, factor.

Theorem 2.3.7. Assume that B is purely expanding and that det(B) =, 1. Let us set
Ly = Unﬁén), M =B(Hy) ® R, and define

2 00
Do i=Dy® [ — 27 Zea ®1® ( Z ¥ 'e diag(sj(k’)a)keig).
a=1

J=1

Then (L, M, Ho® L*(R,7), Do) is a finitely summable, semifinite, spectral triple, with
Hausdorff dimension 2. Moreover, the Dixmier trace 7, of (Dzo + 1)_1 coincides with
that of (D(Q) + 1)_1 (hence does not depend on the generalized limit w) and may be written

as:
t

=2 -1 o1 2
Tw((Doo + 1) ) = tll)rg) @ . (M(Dg+1)—1/2(8)) ds.
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Proof. The formula for D, follows from what has already been proved. We want to

2 %)
prove that Do, is of the form Dy® I +C, with C' = —27?25(1 ®1I® (Z[®j_1 ®
a=1 j=1

diag(sj(k)a)) € B(H,) ® R and Do.€B(H,) ® R.

By construction, Ly is a dense *-subalgebra of the C*-algebra A, C M. We now
prove that D, is affiliated to M. We posed s, (k) € An_l[O, 1)*, therefore

maxyez, [[s, (k)| < sup [|A" ]| < [[A" (V2.

z€[0,1)?
As a consequence, for a = 1,2, j € N,
. a a j—1
| diag(s; (k)| = maxpez, [s;(k)"] < maxgez, lls; (k)] < |47 ]|V2.
By Proposition [2.2.6] and the estimate above, we get that C' is bounded and belongs to

M,(C) ® C ® UHF(r®), while D, ® IE€B(H,) ® C.
The thesis follows from Theorem 2.2.8 and what we have seen above. O

2.4 Self-coverings of crossed products

2.4.1 The C*-algebra, its spectral triple and the self-covering
The algebra and the noncommutative covering

Let B € M,(Z), with r = |det(B)| > 1, and set A = (B")™'. Consider a finitely
summable spectral triple (£z,, D) on the C*-algebra Z and assume the following:

e there is an action p : Gy = AZ" — Aut(Z2);

e sup ||[D, p,(a)]|| < oo, for any a € L5.

9geG
Assuming, for simplicity, that Z C B(#), recall that the crossed product Ag, =
Z %, G, is the C*-subalgebra of B(H ® (*(G,)) generated by 7, (Z) and Uy, h € Gy,
where
(7, (2)€)(9) := py (2)(9),
U 9) :=E(g=h),  z€Z,g.heGLEel(GriH)=H® L (G).
Set Gy = Z” ¢ G;. The embedding Z x, Gy C Z X, G, is a finite covering with
respect to the action v : Zp — Aut(Z 3, G;) defined as
() aU) = > (5().9)a,U,,  J€Zp,
geG geGy
where 5 : Zg — 7" is a section of the short exact sequence

0— BZ' - 7' - 7Zg — 0.
In fact, the fixed point algebra of this action is Ag, := Z X, Gj.
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The spectral triples

Define the map ¢ : Z" — Myp21(C) as £(m) := Z=1 mueip:ll), where {5§p+1)}f=+11 denote

the generators of the Clifford algebra CI(R”™"), and m € Z”.

Theorem 2.4.1. The following triple is a spectral triple for the crossed product Ag, =
Zx,G
p 0

[p/2]
(Lo =C(Z" 2), Hy=H®C> &F(Z'),Dy=Doc" eI+ M)

where C(ZF, Z) := {de w76, (2)Uy 2 2, € Lz,2, # 0 for finitely many g € Z'}, and
M, is the operator of multiplication by the generalized length function ¢ (cf. [GBVF00, p.
333]). If the Hausdorff dimension d(Lz,H,D) = d, then d(Ly, Ho, Dy) = d + p.

Proof. The triple in the statement is indeed an iterated spectral triple in the sense of
[HSWZ13|, sec. 2.4. Equivalently, ¢(g) is a proper translation bounded matrix-valued
function (cf. [HSWZ13| Remark 2.15] ). For the sake of completeness we sketch the
proof of the statement. For the bounded commutator property it is enough to show that
the commutators with 7, (2),2 € Lz, and with U, h € Gy are bounded. The norm of
the first is bounded by sup,cq, [I[ D, py(a)]||, which is finite for any a € Lz, the norm
of the second is bounded by [|¢(h)||. We then explicitly compute the eigenvalues of Dj:
they are given by A° + ||g||5 , with A belong to the sequence of eigenvalues of D and
g € 7Z'. The compact resolvent property follows. The formula for the dimension can be
obtained as in [HSWZ13, Thm.2.7]. O

In a similar way we define the following spectral triple for the crossed product Ag, =
Z%,G
p U1

[p/2]
(L1 =C(G,2), He, =H T ®0*(G)).D,=De:""el+IeM,).

where 4, : Gy = AZ" — My21(C) is defined as ¢1(g) := Zzlgugip:ll), g € G.

Remark 2.4.2. In this case the triple is not an iterated spectral triple in general, but
¢1(g) is still a proper translation bounded matrix-valued function. An explicit proof
may be given as above.

Regularity and self-covering property

In order to show that the covering is regular according to Definition [2.1.3] we need to
define a map o which takes values in the spectral subspaces of 7. Consider the section
s : Zp — AZP defined for the short exact sequence (2.2.1)). Define o : Zp — U(Zx,AZ")

as
O'(k) = Us(k)- (2.4.1)

We observe that Uy € (2 %, AZ" ), k € Zg.
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We first consider the crossed-product C*-algebras Ag, and Ag, as acting on the

Hilbert spaces H ® (ijm ® (*(Gy) and H ® Cﬂpm ® (*(G,). As remarked in_section
, a short exact sequence of groups can be described either via a section s : 75 B~ Gy
or a 2 cocycle w: Zg X Zp — Go, w(j, k) = s(j) + s(k) — s(j + k), where G, /Gy = Zp.
Since (G is a central extension of Z; by G, the group G; may be identified with
(Go,Zg), with g € G, identified with (g — s o p(9),p(g9)), p(g) denoting the projection
of g to Zg. The multiplication rule is given by (a,b) - (a',b') = (a +a' = w(b,b'),b +b"),
[Brol2]. The above choice of the section s implies that in particular s(0) = 0, hence
w(0,9) =w(g,0) =0.
Consider the unitary operator

[p/2] [p/2]
VieelP(GuHOC ) —VEEr(GoX GG HeC™ )

(VE)(m,j) :=&(m +s(j)), meGyje€G /Gy, (2.4.2)

[p/2]
Proposition 2.4.3. The representation m¢g, : Z2X,G; — 62(6’1; HeC ) is unitarily

equivalent, through V', to the representation obtained by mg, * Z X, Gy — 62(G0;7-[ ®
2[19/2]

) according to Proposition |2.1.8,

Proof. Since Ag, is generated by 7, (2), 2 € Z, and Uy, h € Gy, it is enough to prove
the statement for the generators. Observe that, for any z € Z, m,n € Gy, j, k € G, /G,

[p/2]
n € (Gyx GGy H®C> ), we have

(Ve (2)V ) (n, k) = (76, (2)V ) (0 + 5(k)) = (st (2)V ) (0 + s(k))
= Prssty (2)n(0, k),

(VUnas)V ) (0, k) = (UnasnV ) (0 + s(k)) = (V) (n = m + s(k) = 5(j))
=n(n—m-w(j,k—7),k—7).

[p/2]
In order to obtain the representation of these operators in Mg, /¢, (B(F*(Gy; HeC? ’ ),

[p/2]
choose any o, ¢ € (*(Gy:H ® C° ’ ), and denote by {e;};eq, /c, the canonical basis of
(*(G,/Gy), so that, for any j, k € G,/Gy, we get

(o, Vg, (2)V ) ) = (0 ® e, Vg, (2)V" (¥ ® ;)
= ) ) e(en(i)p(n), prrsoy(2)E(n))

i€G1/Go n€Go

e ) (), (ma, (s (2))€)(n)),

neGy

which implies that (Vg (2)V ™) = ]kWGO(pS(J)( 2)); analogously, for m € Gy, { €
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G]./GOJ

(0, VUiV )0} = (0 ® €, VUnisi)V " (¢ ® €1))
> ) eenli—0)(p(n), b(n—m—w(l,i-0))

i€G1[Gg n€Gy

= Ojor Y {p(n),(n=m—w(l,j - 0)),

neGy

which implies that (VUers(g)V*)jk = 0y j—eUm+w(er)- On the other hand,

M(7a, (2))j1 = Usiy Bjor(ma, (2))Usiy = 0uUsjymen (2)Usqry,
so that
(0, M (76, (2))j120) = 850 ® e, Usyma, (2)Usry (1 ® €.))
= 0;u{p ® €5, mq, (pos(j)(2)) (Y ® €))
= 0jp Z Z €j(i)€k(i)<90(n),PQI(P;(IJ')(Z)W(H))

i€G1 /Gy n€Gy

=36 Y {p(n), (ma, (ps(ry(2))1) ().

neGy

which implies that M (¢, (2));, = 6jk7rG0(p5_(1j)(z)). Finally,

¥ 1 . *
M(Um+s(f))jk = Us(j)Ej—k(Um+s(€))Us(k) = r Z (k - jag>Us(j)’Yg(Um+s(Z))Us(k)

9g€Zp
1 -
== Z (k= 34,9)(5(g),m + s(E))Us 5y Un+seyUsiiy
9g€Zp
1 .
== Z (k=3 + €,V Unssoyesi)-s() = Ok j—eUnm+w(t,j—0):
9gE€Zp
which ends the proof. n

Corollary 2.4.4. The following diagram commutes:

fiGg — ¢4GI
[ /lg] O " ! (2.4.3)
BHeC* ®/07°(Gy)) — BH®C (G, ® M, (C)

where vertical arrows are the representations, the elements of Ag, being identified with
matrices as in the previous Proposition, and the horizontal arrows are given by the
monomorphisms a — M,, (M,);x = 5j7kU:(j)aUs(j), both for a € Ag, and for a €
B(H ® (*(Gy)).
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So far we have defined a finite noncommutative covering. In order to obtain a self-
covering, B has to be isomorphic to A, and we have to make further assumptions.
Suppose that there exists an automorphism 3 € Aut(Z) such that

BopaofB  =p,  geL; (2.4.4)

The following result tells us that the above algebras yield a noncommutative self-
covering.

Proposition 2.4.5. (|Wil07]) Under the above hypotheses, the sub-algebra Ag, = Z %
Gy C Ag, is isomorphic to Ag,, the isomorphism being given by

a: Z a,Uyy € Ag, P Z B(a,)U, € Ag,.

Y/ Y/

The map o may also be seen as an endomorphism of Ag, .

2.4.2 Spectral triples on covering spaces of Z X, 7"

As above, given an integer-valued matrix B € M,(Z) we may define an endomorphism
a: Ag, = Ag,. Then, we may describe the inductive limit A, = li_n)lAn where
A, = Ag , G, = A"Z", and the embedding is the inclusion. Endow G, with the length

function ¢, : G,, = Myw21(C) defined as ¢,(g) := 5:1 gugl(ipﬂl), g=1(91,--.,9,) € Gy

(¢, is indeed a proper translation bounded matrix-valued function, [HSWZ13, Remark

2.15]). Let us observe that G,, C G,,,; and that |G, [/G,_1| = |det B| =:r.

(n)

Let us define the action p* of G, on Z as follows:

(n) -n n
Pang =P “opgo B, g€Gy.

Lemma 2.4.6. For any m < n, g € G,,, we have that pén) = pém), namely the family

{p(n)}neN defines an action p of U, G,,.

Proof. From equation (2.4.4]), we have

m+1 —(m+1 m+1 -m m m
pé+)=/8(+)0pA—mflgOB+=/8 OpAfmgo/B =pé)7 gEGm

The thesis follows. O

Suppose that
sup [|[D, p” ()] < oo,

geG,

for any a € £,, := C.(G,, Z). Then, the algebra Ag has a natural spectral triple

[p/2]
(L, HOC ®1(G,),D,=De:"""el+IeM,).
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Remark 2.4.7. In order to define a spectral triple for A , we stress that one could make
the stronger assumption

LD, py(a)]ll < ()LD, alll, Vg€ Gy,
LD, 8°(a)1ll < (D, alll, VgeGC,keZ,

for any a € L,,, and some constants ¢(p), ¢(8) > 0. An even stronger assumption could

be ( :
ILD. pg" ()]l = LD, a]ll,
for any a € L,, and g € G,,.

The aim of this section is to describe the spectral triple on AG in terms of the
spectral triple on Ag, . Before proceedlng, we observe that as 1n we may define a

family of unitary operators v; : H®C2p R (G;) — H@C ®€ (Gi_1)®€ (G;]G;i-y).

olp/2]
Theorem 2.4.8. Set Hy := H® C° & (*(Gy). Then the Dirac operator D,, acting

on H®C? 2t ® 1 (G ) gives rise to the operator D when the Hilbert space is identified
with Hy ® ®Z 1 & (G;]Gi_1) as above, where G;|G;_, = ZB The Dirac operator D has
the following form.:

D, :=V,D,V:=Dy® I +C,,

with C,, € B(Hy)® M,(C)®" defined, for € (*(GoxGy[GoX. . XCy Gy HBC? ),

as
n

(Com)(m gt 1) 2= ) (1@ Ly (s ()Y (s g, - 5)),

h=1
andV‘?—[@C ®€ (G)—>H0®® G/GJ 1) given by V, —(vl®®
(2 ® Q) “I)o-ou,.
Proof. For simplicity, we prove the case n = 1, the case n > 1 can be proved by iterating
olp/2]
the procedure. For any n € H® C° ® (*(Gy) ® (*(G1/Gy) = *(Gy x (G1/Go); H ®
[p/2]
C* ), we get, for m € Gy, j € G1/Gy,

(ViDVim)(m, j) = (DyVin)(m + s(5))
= (Do ")V ) (m + 5(5)) + (I & £1(m + 5(3)) (Vi) (m + 5(7))
= (Do) (n(m, ) + (I & L(m + 5(3))) (n(m. 7))

= (Do + 18 6,(m))(n(m. 7)) + (I8 £(s(7)))(n(m. 7))
= (Don)(m, ) + (Cin)(m, j),

[p/2]
where (Cyn)(m, j) = (18 £4(s(7)))(n(m, j)) belongs to I® B(C* ~ ®¢*(GyxG1/Gy)).
We stress that (C1n)(m,j) dos not depend on m because ¢, is a linear map. O
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For any n € Ny and « € £,,, set Lp, (x) := [|[D,, «]||. An immediate consequence of
the previous result is that, under a suitable assumption, these seminorms are compatible.

Corollary 2.4.9. Suppose that
ILDo, Ad(Uy) ()]l = I[Do, 2]l Va € UL, , Vg € UG, .
Then for any positive integer m, we have that
Lp,  (z)=Lp (x) Vre€L,.

Proof. We give the proof for m = 0. As in section [2.1.2] the elements in .A; may
be seen as matrices with entries in A, acting on Ez(Gl/GO;’HO). Ay itself is then
embedded in A, as diagonal matrices, the matrix M (z) associated with = € A, being
M(x)p = (U(k)*xa(k))kk = (U—s(k)ZEUs(k))kk = (P—s(k)(ﬂf))kk, where the action p has
been naturally extended to Aq. Dy, ® I may as well be identified with the diagonal matrix
(Do ® I);y, = Dy, therefore their commutator is the diagonal matrix ([ Dy, p_sx)(2)])kx-
As for the commutator with the second term of 51, let us describe the Hilbert space
as (*(G1/Go; (H ® 1*(Gy)) ® CQWQ]). Then both z and C; act as diagonal matrices,
whose entries jj are p_g;)(«) ® I for the first operator and I ® ¢,(s(j)) for the second,
showing that the corresponding commutator vanishes. The thesis now follows by the
assumption. O

2.4.3 The inductive limit spectral triple

The aim of this section is to describe the Dirac operator on A,.

[p/2]
Theorem 2.4.10. Assume B is purely erpanding, set Hy = H ® c’ ® EQ(GO),
L=U,L,, M=B(Hy) ® R, and define the Dirac operator Do, as follows:

500 = DO®IUHF+C7

where C = 1imC,, C, = C; € B(H,) ® UHF(r™). Then (£, M, Hy ® L*(R,7), Do)
15 a finitely summable, semifinite, spectral triple, with the same Hausdorff dimension of
(Lo, Ho, Do) (which we denote by d). Moreover, the Dizmier trace 7, of (Dzy + 1)_d/2
coincides with that of (Dj + 1)_d/2
and may be written as:

(hence does not depend on the generalized limit w)

—~ _ 1 (!
7.,(DZ + 1) d/2) = lim — Jo (M(D(z)ﬂ)-uz(s))d ds.

Proof. The Dirac operator D, is of the form Dy ® I + C. First of all, we prove that
Dow€B(Hy) ® R by showing that C' € B(H,) ® R. This claim and the formula follow
from what has already been proved and the following argument. Since we posed s, (k) €
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A"7'10,1)", by using the properties of the Clifford algebra and the linearity of ¢, we
get

16,00 skGDI =11 LalsnGa =11 sn Gl
h=1 h=1 h=1

<> lsGa)ll = vp Y 114",

so that

1C Il =116, suGa)ll = vB Y 1A

As Dy = Dy ® I + C, we get, by Proposition and the estimate above, that C' is
bounded and belongs to B(Hy) ® UHF(r*), while Dy€B(H,).

Moreover, by construction, £ is a dense *-subalgebra of the C*-algebra A, C M.
The thesis follows from Theorem 2.2.8 and the above results. O

Remark 2.4.11. The inclusion G,, = G,,;; gives rise to inclusions i,, : H,, = H,+1 and
Jn + Ag, = Ag, ., in such a way that

in(af) = jn(a)zn(f)a
{Zn(Dng) = Dn+1in(€)7 @€ AG"’g € Hn

2.5 Self-coverings of UHF-algebras

2.5.1 The C*-algebra, the spectral triple and an endomorphism
We want to consider the C*-algebra UH F(r®). This algebra is defined as the inductive

limit of the following sequence of finite dimensional matrix algebras:

MO Mr((c)

M, = M, ,® M. (C) n=x=1,
with maps ¢;; : M; — M; given by ¢;;(a;) = a; ® 1. We denote by A the UHF(r™)
C™-algebra and set M_, = Cl4 in the inductive limit defining the above algebra. The
C*-algebra A has a unique normalized trace that we denote by 7.

Now we follow |CI06|. Consider the projection P, : LQ(A, T) > LQ(Mn, Tr), where
Tr : M,.(C) — C is the normalized trace, and define
Qn = Pn_Pn—lv TLZO,

E(x) T(2)14.
Lemma 2.5.1. The projection Q,, : LZ(.A,T) - L2(Mn,7) 2] LQ(Mn_l,Tr) (n=0) s
given by

Qn(Tg® -+ @1, ®++) =20® - ® Ty ® [, — Tr(w,)Lngyc) 17 (Tps1 ® ++2),
where Tr : M,(C) —» C is the normalized trace.
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Proof. The proof follows from direct computations. O

For any s > 1, Christensen and Ivan ([CI06]) defined the following spectral triple for
the algebra UHF(r™) YA

(‘Cv LZ(A7 7—)7 DO = Z rnsQn)

n=0

where L is the algebra consisting of the elements of A with bounded commutator with
D,. It was proved that for any such value of the parameter s, this spectral triple induces
a metric which defines a topology equivalent to the weak*-topology on the state space
([C106}, Theorem 3.1]).

Introduce the endomorphism of A given by the right shift, a(z) = 1 ® . Then,
according to [Cun82|, we may consider the inductive limit Ay, = li_I)nAn with A4, = A
as described in . As in the previous sections, we have the following isomorphic
inductive family: A; is defined as

.Ao = .A,
An = Mr((c)®n ® "407
Aoo = h_I)nAZ

and the embedding is the inclusion.

We want to stress that this case cannot be described within the framework considered
in section 2.1} In fact, it would be necessary to exhibit a finite abelian group that acts
trivially on 15/ ) ® @50, M,.(C) and that has no fixed elements in M,(C) ® lo® M,(C)-
However, since all the automorphisms of M,(C) are inner, there cannot be any such
group.

2.5.2 Spectral triples on covering spaces of UHF-algebras

Each algebra A, has a natural Dirac operator (the one considered earlier)

(L7 H = L*(A,,7).D, = ) Q)

nz-p

where £, is the algebra formed of the elements of A, with bounded commutator.

The spectral triple on A,
We are going to describe the Dirac operator on the first covering.

Lemma 2.5.2. Let & ® & € L2 (A, 7), & € M,(C), we have that

— (1®Qn—1)(51®500) an>0
Q”(£1®£0°) B { (F®Qn—1)(£1 ®€oo) ile:O,

where F : M,(C) = M.(C)° is defined by F(x) = x — tr(z), and M,(C)° are the

matrices with trace 0.
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Proposition 2.5.3. The following relation holds:
D, = r’F®E+1®D,.

Proof. Let e;; ® x € D(D;) C L*(A,, 7). We have that
Dy(ej;®x) = Z " Qu(ei; ® ¥) =

nz-1

r°Fe; ® Ex + Z e ® (Qux) =

n=0

[T_SF ® E+17 ® Do](eu ® .ZC)

The thesis follows by linearity. O]

The spectral triple on A, and the inductive limit spectral triple
In this section we will consider the Dirac operators on A, and Ag.
Theorem 2.5.4. The Dirac operator D,, has the following form
D, —I®”®DO+Z It e FeE. (2.5.1)
k=1

Proof. Let z € D(D,)) ¢ L*(A,, 7). We have that
D,x = Z PO,z = Z 7“(16_71)3(103]€ ® F®E)x

k=0 k=0

n—1
=5 U e Fe E)r+ Y WU @ F e E)a
k=0 k=n

=Y ("N @ F @ E)x + (I°" © D).

h=1
O
Corollary 2.5.5. The Dirac operator Dy, has the following form
Deo=Ico1®Dy+y 1 "o 1 ® FQE, (2.5.2)

k=1
where I_o . is the identity on the factors with indices in [—00, k].
Theorem 2.5.6. Set £ = U, L, M = R®B(L*(Ay,7)). Then the triple (L, M, L*(R,7)®
(.AO,T) Do) is a finitely summable, semiﬁnite spectml triple, with Hausdorﬁ dimen-

sion 2. Moreover, the Dizmier trace 7., of (Do +1)""* coincides with that of (Dg+1)~ s
(hence does not depend on w) and may be written as:

s . I 2
7, (D% + 1) Y ) = lim —[O (M(Dgﬂ)-uz(s))s ds
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Proof. By construction, £ is a dense *-subalgebra of the C*-algebra A, C M. Since
Do =1__1® Do+ C, where C € R® I, D, is affiliated to M.
The thesis follows from Theorem and what we have seen above. O

2.6 Inductive limits and the weak™-topology of their
state spaces

First of all, we recall some definitions. Let (£, H, D) be a spectral triple over a unital
C*-algebra A. Then we can define the following pseudometric on the state space

pp(d,¥) =sup{|p(z) —¢(x)| s v € A, Lp(x) <1}, ¢, ¢ € S(A),

where Lp(z) is the seminorm n[ D, z]u.
We have the following result proved by Rieffel.

Theorem 2.6.1. ([Rie98|) The pseudo-metric pp induces a topology equivalent to the
weak™ -topology if and only if the ball

Bp, :={z € A: Lp(z) < 1}.
is totally bounded in the quotient space A[C1

If the above condition is satisfied, the seminorm L is said a Lip-norm on A. In our
examples we determined a semifinite spectral triple on A,. Our aim is to prove that
the seminorm Lp_, restricted to A, is a Lip-norm equivalent to L, , for any n, while
it is not a Lip-norm on the whole inductive limit A. Therefore, the pair (A, L5, )
is not a quantum compact metric space, whilst A, is topologically compact (i.e. it is a
unital C*-algebra).

Theorem 2.6.2. Consider the Dirac operators Do determined in the previous sections.
Then the sequence of the normic radii of the balls By, —dwerges. In particular, the
seminorm Lp_ on the inductive limit s not Lipschitz.

Proof. Our aim is to show that Bz is unbounded. Actually, we will exhibit a sequence
in B Lp., with constant seminorm and diverging quotient norm, which means that it is
an unbounded set in lim A, /C.

In the first place we consider the cases of the commutative and noncommutative
torus. The noncommutative rational torus has centre isomorphic to the algebra of
continuous functions on the torus. Thus, it is enough to exhibit a sequence only in the
case of the torus.

Consider the following sequence

ok
2mi(A%eq,t
1, = it

where 4 := (B")™
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Each z;, € C(T)) c lim; C(T;). We have that
1Dzl = 11 &[00Il < ) (1[00 ]l
= 110u()ll = ) Nl2mi(A%er, e, )|

< opr||A%ey|| < 2pm| A% - 0

where we used Proposition [2.2.6]

Consider the sequence y;, := z/||[ Dy, 71 ]||. This sequence has constant seminorm
Lp,, = Lp,. Since each element x; has spectrum T, then the quotient norm of z, is
equal to ||xy|| and thus the sequence {y;} is unbounded.

We now consider the case of the crossed products. With the same notations as above,
consider the following sequence

Ty, = Upke,

Each z;, € A, C h_I)n.AZ We have that

W[ Dy, ] = IIMy,, Unee 111 < sup 14(g) = G(g = A'ep)| < ndepn < || A - 0.
g

Since sp(z;) = T, again the sequence y;, := z/||[ Dy, 2 ]|| has constant seminorm
Lp,, = Lp, and increasing quotient norm.

Finally we take care of the UHF-algebra. Consider any matrix b € (M,(C) \ CI) c
UHF(r”). We define the following sequence

Tp = o0, -n-11 ® b ® I[_;41 100

where with the above symbol we mean that the matrix b is in the position —n inside an
infinite bilateral product where each factor is labelled by an integer. A quick computa-
tion shows that

0 if k>-n
[Qr 2] =4 1docop—1 ® (bTx(+) = Tr(b-)) ® 7 if k=—n
id o1 ® F @ (R, T(+)) ® (Tr(b) = bTx(-)) @ 7 if k < —n.

This means that [Deo, z,] = ) 1., rks[Qk,:L’n].
We observe that each x,, has non-zero seminorm. In fact,

W[ Doo, i = sup n[ Do,z JE1
ll€ll=1
> 1[Deo, @, Jary

|| (k") = 0T (0™)|| > 0

where in the last line we used that [Qy, z, ]z, = 0 for all k # —n. Moreover, we have

that
ks ~ Ts—ns
1L Den, 111 = 2110l ( o ) 2l {—

k<—n
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which tends to zero as n goes to infinity.

The sequence y; := 21/||[ Do, z¢]|| has bounded seminorm Lz and increasing
quotient norm.

We end this proof with an explanation of the second part of the statement of this
Theorem. First of all, we observe that if the sequence of the normic radii of the balls
By, ~diverges, then BLBoo contains an unbounded subset with unbounded quotient

norm. Therefore, since a compact subset is bounded, the ball By  cannot be compact.
O

In a recent paper ([LP16]) Latrémoliere and Packer studied the metric structure of
noncommutative solenoids, namely of the inductive limits of quantum tori. In particular,
they considered noncommutative tori as quantum compact metric spaces and proved
that their inductive limits, seen as quantum compact metric spaces, are also limits
in the sense of Gromov-Hausdorff propinquity (hence quantum Gromov-Hausdorff) of
the inductive families. In our setting the inductive limit of the quantum tori is no
longer a quantum compact metric space. The different result is a consequence of the
different metric structure considered. Latrémoliere and Packer described the inductive
limit as a twisted group C™*-algebra on which there is an ergodic action of G, := liin']I‘,
and according to Rieffel (|[Rie98]) a continuous length function on G4, gives rise to a
Lip-seminorm. In our setting the seminorm may also be described in the same way,
however the corresponding length function is unbounded, thus not continuous. We give
an explicit description of this situation in a particular example.

Ezample 2.6.3. Consider the two-dimensional rational rotation algebra Ay, with § = 1/3.
With the former notation, set
20
o=(53)

and define the morphism a : 4y — A, by a(U) = U?, a(V) = V>. Now we may consider
the inductive limit lim B, where B, = Ay (see (2.0.1])). We observe that this case also
fits in the setting of Latrémoliere and Packer (see [LP16, Theorem 3.3]). Then, there
exists a length function that induces the seminorm Lp,_ .

Proof. Consider the standard length function on the circle [(e*™) := |t| for ¢t €
(—1/2,1/2]. There is an induced length function on T, namely £y( 21, 25) 1= max{((z1), [(25)}.
We define the following length function ¢(g) := sup, 2"¢y(g,) on the direct product

I1 ’]T2, thus by restriction also on the projective limit G, := l(iLnT (with respect to the
projection 7 = a* : T® = T?, 7((21,2)) = (221,2%)). For any ¢ € R” we define the
following action on Ag: pg(f)(t) := f(t + 3¢). Since § = 1/3, p is the identity on

Ay when ¢ € ZQ, hence there is an induced action of T> = ]R2/ Z” on Ay. We denote

this action with p. There is a naturally induced action p* of the group 1_[;):0 T’ on

[1:Z5 Ag given by p;°(fo, fis---) = (pg,(fo), Py (f1), --.) for any g € ]2, T* and any

(fo, fi,...) € HZO Ay. We now check that the restriction of this action to G, gives rise

to an action on h_I)nAg. It is enough to prove the claim on the algebraic inductive limit
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alg—1lim Ay. Let (fo, f1,...) € alg— lim Ay. By definition there exists n € N such that
fori = '(f,) for all i € N. For any g € Go, we have that

pgn+i(fn+i) = pgnﬂ(&l(fn)) = ai(pwn(gnﬂ)(fn)) = al(pgn(fn))

For any g € G, and any X € li_l’)nA,g we define the following seminorm

19" () = x|
L« (X) :=
g X) = sup s

Any element f, € B, embeds into lim Ay as X = (0,...,0, fo,a(f.), a*(f,)...). We
- —

n

have that
1o (X) = X|
Lol X) = o =
= sup tim sup N UG+ 3000 = a (NG
ISENS % f(g)
= qup M2+ 30) = (I foln)
9€Con lo(gn) (g)
_ (Sup 17z + 39,) = fu(2)] ) ( . eo(gn>)
9n ﬁo(gn) 9€Goo K(g)
_ Lo(f)
S

where the last two equalities hold because, for any g, € ']I‘z, we may find a sequence
g = {g:} such that ((g) = 2" (gn) (if g, = €™ for t € (=1/2,1/2] consider g,z =
2ty IIf(z;h()}:)f(z)Il
Lp, (see |Rie98]). Denote by ¢, : B, = Ay — A, theonatural isomorphism given by
0,(W(m,t)) := 202 nm’t)Wo(an) (cf. ([2.3.4)) and consider the following seminorm
on B,: L,(z) := Lp(p,(x)) = ||[ Dy, on(x)]||. Since the seminorm Lj, is expressed
in terms of the norm of some linear combinations of the two derivatives, one has that
L,(x) = 27"Lo(x). Therefore, the former computation leads to L,~, = L,, when
restricted to B,,. n

and Lg is the Lipschitz seminorm supjcy2 , which is equivalent to

2.7 Appendix: Some results in noncommutative in-
tegration theory

Let (M, 7) be a von Neumann algebra with a f.n.s. trace, TEM a self-adjoint operator.
We use the notation er(Q2) for the spectral projection of T relative to the measurable
set Q C R, and Ap(¢) := 7(ep([t, +00)), pr(t) := inf{s : Ap(s) < t}, for a T-compact
operator T
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Lemma 2.7.1. Let (M,7) be a von Neumann algebra with a fn.s. trace, TEM a
self-adjoint operator, such that Ap(s) := 7(ep(—s,s)) < 0o for any s > 0. Then

(1) Ap(s) =sup{7(e): ||Te|| < s,e € Proj(M)}, s >0,

(2) if C € My, and c := ||C||, then T(epsc(—=s,5)) < 00 for any s 20, and Ap,c(s) <
Ar(s+c),

(3) if er({0}) = 0, T is 7-compact and Ap(s) = )\|T|—1(3_1), s> 0.
Proof. (1) Indeed,

a:=T1(ep(—s,5)) =sup{r(er(—-0,0)) : 0 < o < s} <sup{7(e) : ||Te|| < s}.

Assume, by contradiction, there is e € Proj(M) such that 7(e¢) > a and ||Te|| < s. For
¢ € eH N ey ls, 00)H, |I€]] = 1, we have (£, T*T€) < s° and (£, T*T¢) = s°, namely
e A ejp[s,00) = {0}. As a consequence,

€|T|[37 OO) = 6|T|[S, OO) —€eAN €|T|[S, OO) ~eV 6|T|[8, OO) —e<l-e
where ~ stands for Murray - von Neumann equivalence. Passing to the orthogonal

complements we get a = 7(ep(—s,s)) = 7(e) > a, which is absurd.

(2) Set Qp = {e € Proj(M) : ||Te|| < s}; since ||Te|| < [|(T" + C)el|| + ¢, we have that
Qrics € Q7 g1e, - The thesis follows from (1).

(3) A straightforward computation shows that ejp-1(s, +00) = er(=1/s,1/s). Therefore
T is T-compact [FK86] and the equality follows. O

Lemma 2.7.2. Let (M, 7) be a von Neumann algebra with a fn.s. trace, TEM a
positive self-adjoint operator T, with T-compact resolvent, d,t > 0. Then, the following
are equivalent

(1) exists resseq T(T "ep[t, +0)) = a € R,
(2) exists res,.g T((T° + 1)_8/2) =a €R.

Proof. Let us first observe that

(Tt +00)) = Loo N dr(ep(0.0)), (2.7.1)
r(T*+ 1% = Loo(f + 1) dr(ep(0,0)), (2.7.2)
and
E+1) P+ <1, Vae[ot],

FA+) AT < (VP + 1) <070, VA e[t +o0),
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therefore the finiteness of any of the two residues in the statement implies the finiteness

of the two integrals (2.7.1)), (2.7.2]) above for any s > d. Then,
(T erlt +00)) = (T + 17 = | | A ar(er(0,00) = [ O7 + 107 Pdr(er(0,0)
¢ 0

< E(AQ +1)7 dr(er(0, 1) + 5 J':o A2 dr(er(0, 1)),

where the inequality follows by

-5 2 -s/2 _ \-s 1 —-s/2 S\ —5-2
AT=(\"+1) = [1_(1+F ]55)\ :
which, in turn, follows by
glx)=1-(1+ ZU)_S/Q < sup g(&)x = gx, forz =0

£ef0,2]
Finally, taking the limit for s — d*, we get

[e0]

lim |7(T"er[t, +00))=r((T*+1)™")] < T(@T(O,t))+gj N dr(er(0,1)) < o0,

t
where the last integral is (2.7.1]) with s = d + 2, hence is finite, and we have proven the
thesis. ]

Lemma 2.7.3. Let (M, 1) be a von Neumann algebra with a f.s.n. trace, T a self-
adjoint operator affiliated with M with bounded compact inverse, C' € M,, such that
T + C has bounded inverse. Then, the following are equivalent

(1) emists ress—q T(|T|°) = a € R,
(2) emists res,q T(|T + C|™°) = a € R.

Proof. Tt is enough to prove that (1) = (2). Set ¢ := ||C||. From Lemma [2.7.1] we
get Apyc(s) = Ap(s + ¢) for every s > 0, hence Ajpic-1(s) < Ajp-1(;). Then, for
0<v<1,

prsci-(t) = inf{s 2 0 : N\pio1(s) < t}
: s
<inf{s=0: )\|T|-1(1 — cs) <t}

>0: >\|T|—1(h) < t}

h
1-ch
h
1-ch
h
1-ch
<(1-9)"inf{h:0<h<dc " Npi-(h) <t}

_ {(1 — ) inf{h 2 0 Ay (h) < £}, if A (cT) <t

+00

= inf{

= inf{ (0 h<c Ny (h) <t}

:0<h<dc ', ANr-i(h) <t}

< inf{

otherwise,

I

_ - )y (1), i A (e710) <t
+00 otherwise.

Y
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As a consequence,

r~ 00

(IT+C|) fecy-1(t) dt

CAlr)-1 )

+00

pirvor (0t + | (1= 0) s (1)°

A\Tl‘l(c_lﬁ)

IA

JO

r)\lTl—l(c_lﬂ) B B B
= (wrsc () = (1 =) 1 (8)°) dt + (1= 9)"7(|T]7°)

J0

(1T + O+ (1= )T ) A (79 + (1= 9) 7 (|71 ) < oo,

IA

Passing to the residues, we get lim sup,_, 4+ (s—d)7(|T+C|™*) < (1=9) "res,.y 7(|T] %),
hence, by the arbitrariness of o, limsup,_ (s — p)7(|T + C|™°) < res,y 7(|T]77).
Exchanging T with 7'+ C we get res,q 7(|T|°) < liminf,_4 (s —p)7(|T+ C|™"), hence
the thesis. [

Proposition 2.7.4. Let (M, 7) be a von Neumann algebra with a fn.s. trace, T a
self-adjoint operator affiliated with M with compact resolvent, C € M,,. Then, the
following are equivalent
(1) exists res,g T((T° + 1)_8/2) =a € R,
(2) ezists res,eqg T((T + C)* + 1)_8/2) =a €R.

In particular, the abscissas of convergence coincide.

Proof. By Lemma [2.7.2], the thesis may be rewritten as

3 res,—y4 T(|T|_Se|T|[t, +00))=a€R e dres,_y 7(|T + C’|_Se|T+C|[t, +00)) = a.

Since the operator

C’ 2=(T + C)€|T+C|[ta +OO) - T6|T|[t, +OO)
= (T + C)ejr+ci[0, +00) = Teyp [0, +00) — (T + C)ejrsc[0,t) + Ter[0,1)
=C = (T + C)ejricy[0,t) + Tep [0, 1)

is bounded and self-adjoint, we may apply Lemma, to the operators (T+C)e|r.c[t, +00)
and Teyp|[t, +00), proving the Proposition. O



Chapter 3

The inner structure of O and its
automorphism group

The objectives of this chapter are to describe some aspects of the inner structure of the
2-adic ring C*-algebra, study in detail some remarkable groups of automorphisms, and
investigate the relation between on O, and Q,. In particular, for the first point we want
to prove that some notable commutative C*-algebras are actually maximal abelian in Qs
and that the C*-algebra generated by the isometry S, has trivial relative commutant.
The understanding of these features will allow us to explicitely describe some families of
automorphisms, in particular those fixing C*(U). We will also consider the problem of
extending automorphisms of O, to Q,. This chapter is based on the results contained
in the paper [ACR16].

3.1 Some preliminary results

3.1.1 Some extensible endomorphisms

In the first chapter, we observed that Q, contains a distinguished copy of O,, namely
the C*-algebra generated by S, and S; := US,. We begin this section by exhibiting
some endomorphisms of Q, that are extensions of endomorphisms of O, they will play a
role in the sequel. We anticipate that the existence of these endomorphisms will depend
on the universality of the algebra Q.

The first endomorphism is the canonical shift which is defined on every z € O, as
o(x) = S1xS7 + SyxS; . This endomorphism may be extended to Q, by setting

o(x) = USyxSs U™ + SpxSy  for any z € Q, .

We observe that intertwining rules S;z = ¢(x)S; for any € Q, with i = 1,2 still hold
true. Moreover, since SyU = U252 and S;U = UQSl, we have that

SU) = S,UST + SoUSs = US,S5 + US,Ss = U”

where we used the fact that S;.57 +5555 = 1. We make two last remarks. The continuous
functional calculus of a normal operator commutes with any endomorphism, thus we also

63
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have that G(f(U)) = f(U?) for any continuous function f on T ([Dix77, Proposition
1.5.3, p.14]). The same identity also holds true with any Borel function whenever Q, is
represented on some Hilbert space.

The second example is given by the so-called flip-flop automorphism, namely the
automorphism of Oy defined as A;(S3) := S1, Ap(S1) := Sy. In fact, set U':= U* and
Sy = US,. Then we have that

S9Sy + U SySy U™ = 8,55 + U*S,S1U = 9,57 + 5,55 =1
SU' = S,U* =U*S, = U"S,

where we used that S,U* = U *252 (which may be easily proved in the canonical expec-
tation). By the universality of Q,, there exists a unique endomorphism A 7 € End(Q,)
such that S\f(U) =U' =U" and S\f(SQ) = Sy = US,. As already mentioned in Section
the 2-adic ring C*-algebra is simple, thus this endomorphism is necessarily injective.
The endomorphism is actually surjective since A f(U") =0, A ;(USy) = Sy. In particu-
lar, the range of this endomorphism actually contains the whole Q5. The automorphism
A 7 will be called the flip-flop automorphism of Q.

The third and final example, is given by the gauge automorphisms. The torus T acts
on the Cuntz algebra O, through the gauge automorphisms «y given by «ay(S;) := ezeSi,
where 6 is any real number. These automorphisms extend to automorphisms of Q, by
setting ag(U) := U. In fact, if we define U' := U and Sh := €S, we may see that

ShSY + U'SLSyU* = 78,85 + e US,SiU* = 8,88 +US,SiU* =1
U”s, = ’U%S, = ¢S, = SyU"

Thus, again by using the universality of Qy, for each 6 there exists an automorphism ay €
Aut(Q,) such that ay(U) = U and ay(S,) = ¢ S,. With a slight abuse of terminology,
the automorphisms cy obtained above will be referred to as the gauge automorphisms.
To conclude, it is worth noting that the flip-flop and the gauge automorphisms commute.

3.1.2 The gauge-invariant subalgebra

The subalgebra of O, consisting of elements invariant under all the gauge automorphism,
the so-called gauge-invariant subalgebra of O,, is given by F, (see [Dav96, Theorem
V.4.3, p.145]). This algebra is known to be isomorphic to a remarkable C"-algebra: the
CAR algebra. Now we want to describe the corresponding gauge-invariant subalgebra of
Q,, which will be denoted by Qg, as the closure of a suitable linear span. We start with
some preliminary and useful result. We recall that in Section (and as in |CunT77])
we denoted by W, the set of all multi-indices o = (o, s, .. ., ay,) with a; € {1,2} and
n € N.

Proposition 3.1.1. 9, = span{SuS:Uk s, v €Wy k €7}

Proof. In order to prove the equality above all we have to do is observe that the following
relations allow us to take both U and U™ from the left to the right side of any monomial
of the form SHS:.
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L USl=SQU
L] U52:Sl
e US} =S,U

o USy =S3U?

e U'S =8,

e U*S, =S,U"

o U*SF = SH(U™)
e U*Sy = S{U”

The above relations can be easily checked with some manipulations of the commutation
relation U°S, = SoU , the definition of the isometry S; = US,, and/or by using the
canonical representation. O

The gauge automorphisms yield a conditional expectation E: Qy — Qg
— 1 2m
E(x)=—J ag(z)dd z € Q,.
o 0 0 ) 2
Now since E(S#S:Uk) = SNS:Uk J’OQ7r =40 we also have E(S#S:Uk) = 0 if and
only if (i) # £(v). This helps to prove the following result.

Proposition 3.1.2. The equalities below hold:
Q, = 5pan {SHS:Uk s, v € Wo l(p) =U(v), k€ Z} =C*"(U,Fy) C Q.

Proof. The second equality is obvious. The inclusion Q) > span{S,S,U M) = 0(v))
is clear by the former remarks on the conditional expectation. So we only have to prove
the inclusion Q) C M{S#S:Uk 20(p) = 6(v)}. Ifz € Qy, then z = E(x). Now pick a
sequence {z,} in the algebraic linear span of the set {S,S,U" : g pov € Ws, k € Z} such

that ||z, — z|| tends to zero. As E is a continuous map, || E(z,) — E(x)|| = ||E(xn) x||
tends to zero as well. The conclusion follows from the fact that £ (xn) € span{S, Sy U*
() = £(v)} by the remark we made above. D

It is well worth pointing out that C*(F,, U) = C*(D,,U) is the Bunce-Deddens
algebra of type 2%, see [BOS16, Remark 2.8].
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3.1.3 The canonical representation

In this section we state and prove some fundamental properties of the canonical repre-
sentation. This representation of Q, was first exhibited in |[LL12].

Although we already defined it in Section [I.5], we recall that this representation acts
on ly(Z) through the operators Sy, U € B({5(Z)) given by Sse, 1= ey, and Uey, 1= €41,
where {e; : k € Z} is the canonical orthonormal basis of ¢5(Z), i.e. ex(m) = 0x,,. We
observe that 1 is the only eigenvalue of S,, with eigenspace Cey. Similarly, S; has only
one eigenvalue, namely 1, whose eigenspace is Ce_;.

Proposition 3.1.3. The canonical representation of Qs is irreducible.

Proof. Let M C ¢5(7Z) be a Qo-invariant closed subspace. If P is the associated orthog-
onal projection, then P € Q'Q. In particular, Sy P = PS,, and so Sy;Peg = Pey. As the
eigenspace of Sy corresponding to the eigenvalue 1 is spanned by ey, we must have either
Pey = ¢y or Peg = 0. In the first case, ey € M, and therefore C*(U)e, C M, which
says that M = (4(Z) because e, is a cyclic vector for C*(U). In the second, e, € M*
instead. As above, M* being Q,-invariant too, we have M+ = y(Z), i.e. M = 0.
Note, however, that O, does not act irreducibly on ¢5(Z), for the closed span of the set
{ex:k=0,1,...,} is obviously a proper Oy-invariant subspace. O

Define H, and H_ as the closed subspaces of ¢5(7Z) given by

H, :=span{e; : k = 0}
H_ :=span{e; : k < 0} .

The canonical representation restricts to O, as a reducible representation, which we de-
note by . In particular, it is a direct sum of two inequivalent irreducible representations
of Oy, namely the restriction of 7w to H..

Proposition 3.1.4. The subspaces H. are both Oy-irreducible.

Proof. We only need to worry about H,, for H_ is dealt with in much the same way.
Exactly as above, if M C H, is an Oy-invariant subspace, then either M or its orthogonal
complement M * must contain eo- The proof is thus complete if we can show that an
Os-invariant subspace containing eg, say N, is the whole H_., and this is proved once
we show e, € N for every k = 0. This is in turn easily achieved by induction on k.
Suppose we have proved {¢; : [ = 0,1,---,k} C N. For the inductive step we have two
cases, according as k + 1 is even or odd. If it is even, then e, = 526%; if it is odd,
then e = Sleg. In either cases we see that e, is in N, as wished. O

Denoting by 7, the restriction of 7 to H. respectively, the decomposition into irre-
ducible representations m = 7, @ w_ has just been proved to hold.

Lemma 3.1.5. If w, and ©_ are the irreducible representations defined above, then
Ty b,
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Proof. Tt is enough to note that 7, (S;) has 1 in its point spectrum, whereas 7_(.55)
does not. O

We will denote by E, the orthogonal projections onto H, respectively. We observe
that the basis vectors e, are all cyclic and separating for U. Therefore the W *-algebra
generated by U is a maximal abelian von Neumann algebra of B(f5(Z)). More precisely,
we have the following proposition.

Proposition 3.1.6. W*(U) c B(l5(Z)) is a MASA isomorphic with L7 (T) with
respect to the Haar measure of T.

Proof. Tt is a well-known fact that o(U) = T. Accordingly, we shall only prove that the
spectral measure associated with e is just the Haar measure of T. If p(z) is a Lau-

rent polynomial, say p(z) = ) ,__. apz", then we have ITp(z)du(z) = (p(U)eg, e9) =

21

n k n z z 6
Yhe—n @r(Ueo €0) = Y i, arlex, €9) = ag = RGSZ:DI% = om I, %dz =5 Jy p(e”)de.
O

We also take this opportunity to exploit the canonical representation to show that
Dy € B(l5(Z)) is a maximal abelian subalgebra as well. This will in turn be vital to
conclude that D, is a maximal abelian subalgebra of Q,. Henceforward we shall denote
by £ (7Z) the atomic MASA of B(¢5(7Z)) acting through diagonal operators with respect
to the canonical basis.

Proposition 3.1.7. In the canonical representation we have D'2 =l (Z).

Proof. Since (o (Z) is a MASA, it is enough to prove that Dy = £ (Z), which will be
immediately checked once we have proved that the projections Ej), onto Ce;, all belong
to the strong closure of D,. To begin with, we note that the sequence {S5 (S5 )"} C D,
strongly converges to Ey. But then the sequence {U"S5(33)'U™" : n € N} strongly

converges to Fj. The conclusion now follows from the fact that D, is globally invariant
under Ad(U). O

3.2 Structure results

3.2.1 Two maximal abelian subalgebras

The goal of the present section is show that both C*(U) and D, are maximal abelian
subalgebras of Q,. These facts will yield many consequences that we will describe in
the following sections.

We start with C*(U). We will need the conditional expectations from B(H) onto
a maximal subalgebra introduced in the classic work of Kadison and Singer [KS|, to
which the interested reader is referred although we do outline their construction. More
precisely, we next show as a key lemma to achieve our result that for any proper (see
again [KS] for the terminology) conditional expectation £ from B(H) onto W*(U) we
have that E[S,S5] is at worst a monomial in U. To this aim, the needed computations
are far more easily made in the unitarily equivalent irreducible representation obtained
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out of the canonical representation via Fourier transform. In this representation O,
acts on LQ(T) (with respect to the Haar measure of T) and the operators S,, U take
the forms (S,f)(z2) = f(zQ) and (Uf)(z) = zf(z). The isometry S; is accordingly
given by (S, f )(z) =z f (2*). As for the adjoints, they are immediately recognized to be
given by (S5 f)(2) = * Z o, f(w) and (ST f)(2) = %szzz wf(w). Note that in this
representation W (U ) is nothing but L*(T) acting on L*(T) by multiplication. We
can now go on to prove one of the two main results of this section. Our proof is in turn
divided into a series of preliminary lemmata. Before we enter into the details of the
argument, however, we rather quickly recall how conditional expectations form B(H)
onto W*(U) can be obtained. We keep the same notations as in the aforementioned
paper as to allow the reader to refer to it effortlessly whenever necessary. For a given
T € B(H), we set TP := PTP + (I -P)T(I - P) for any projection P in W*(U). If
{P,} is a generating sequence of projections of W*(U), then every cluster point of the
sequence {T'Pllp?l”"P"} lies in W*(U)" = W*(U), as explained in [KS]. This enables us to
define a conditional expectation from B(H) onto W*(U) associated with each ultrafilter
p € BN, which in that paper is denoted by D,, simply by taking the strong limit of the
subnet corresponding to that ultrafilter. We now take the sequence P, ; € W*(U) of
the projections corresponding to the Borel sets d,,, 1= {e%m : M <z < —} for every
n € Nand any k = 1,...,n, namely (P, f)(2) = x5, ,(2)f(2). Fmally, we denote by
any of the conditional expectations that come from the construction sketched above (in
the end we will show that there exists a unique conditional expectation from Qs onto
C*(U)). As we will see, actually we the only necessary ingredients will be the existence
of a conditional expectation (due to Kadison and Singer) and the general properties of
conditional expectations.

Lerr}gma 3.2.1. sz'th the notations above, for every non-zero k € N\ {0} we have
E[S;]= E[(S7)"]=0.

Proof. By using the fact that E[-]is a %-linear map it is enough to prove that E[S5] = 0.
We prove the case k = 1, the other cases are dealt with the same reasoning. By using
W*(U)-linearity we have that

E[S,U] = E[U*S,]
E[S,]U = UE[S,]
E[S,]U = E[S,]U* =0
E[S;J(U-U") =0

since E[Sy] = f(U) € L”(T), the above equality may be written as

FE)(z=2") =0

which implies f(z) = 0 almost everywhere since the polynomial z — z° has only two
zeroes, namely 0, 1. O
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Lemma 3.2.2. We have that E[SS(S;)]C] =27" for every non-negative integer k.
Proof. To begin with, we observe that

E[S.S5] = UMELSY(s5) U™ = BLsy(s5)*1,

for some positive integer h. Since 1 = Z|a|=k S, S+ we have that

1= ) E[S.S0]=2"E[s(s5)"].
|a|=k
This implies that E[S5(53)*] = 27". O
Lemma 3.2.3. We have that E[S5(S3)"] =0 for k,m #0, k # m.

Proof. Tt is not restrictive to suppose that k < m. Set x := E[S5(S3)™]. By using that
1= Zla|=k S, S>. we get that

B[S;(85)"] =
- Yy E[SMS)N S+ EL(S)" M =
| =k,a#(2,...,2)
- > ESMS)N(s)" =
la|=k,a#(2,...,2)
- ) EUMSs)(sN)" =
la|=k,a#(2,...,2)
- ) UMUESSHN TS =
|| =k,a#(2,...,2)
la|=k,a#(2,...,2)
_ Z Uh(a)E[Sg(S; )k(S; )m—k]U—Q(m—k)h(a) _
la|=k,a#(2,...,2)
la|=k,a#(2,...,2)
_ Z xU—2(m—k—1)h(a)
|| =k,a#(2,...,2)
- Z U

|a|=k,a#(2,...,2)

8
|

-2(m—-k-1)h(a)

where h(a) is an integer-valued function. We stress that all we used is Lemma|3.2.1], the
relation S,U = U>S, and W™ (U)-linearity of E. From the above computation, along
with W*(U) being commutative, we find that

2l 1= Z UZ(mkl)h(a)) _ (1 _ Z U—Z(m—k—l)h(a) r=0.
2,..,2)

|| =k,a(2,..., | =k,a#(2,...,2)
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Therefore, in the canonical representation we see that M,r = xM, = 0, where p is
the Laurent polynomial p(2) := 1=\t 1402 9 7 Hm=k=DR) This means that the
range of x must be contained in ker(M,,)). But because the multiplication operator
M, is injective, being the zero set of p a null set, the identity M,z = 0 implies that
x = 0, as desired. O

With the above result we have now made it plain that F[S,S ;] is always a monomial
in U, when it is not a scalar. Thus we have at last all the necessary information to
complete our proof of C*(U) being a maximal abelian algebra.

Theorem 3.2.4. C*(U) is a maximal abelian C™ -subalgebra of Q.

Proof. As C*(U)' n Qy = W*(U) n Q,, it is enough to prove that given f € L®(T)
with f(U) in Q,, then f is in fact a continuous function. Now if f(U) belongs to
Q,, it is also the norm limit of a sequence {x,} C Q, with each z; taking the form
Za,ﬁ,h ca,@hSaS;Uh. If £: B(H) —» W*(U) is any of the proper conditional expecta-
tions considered above, we have f(U) = E(f(U)) = lim, E(x;). But then each E(z})
is of the form Zaﬁ’h caﬂ,hU}Hk“ﬁ, where U™ is nothing but E(SaS;). Consequently,
there exists a sequence of Laurent polynomials p;, such that || f(U) — p(U)]| tends to
zero, that is f(U) € C*(U), as maintained. O

As a byproduct of the above result, we obtained a conditional expectation from
E : Q, —» C*(U), which is obtained by restricting any of the aforesaid conditional
expectations to Q,. Now we want to show that it is the sole conditional Q5 onto
C*(U) and that it is indeed faithful. We observe that W*(U) which has great many
conditional expectations, cf. [KS|. On the other hand, the above computations show
that every conditional expectation F from Q, onto C*(U) such that F(S5) = 0 for
every natural number £ must coincide with . We next show that E is faithful. This is
actually a straightforward consequence of a general well-known result due to Tomiyama
[Tom72], whose proof in our setting is nevertheless included for the sake of completeness,
being utterly independent of Tomiyama’s work to boot.

Proposition 3.2.5. The conditional expectations from B(H) onto a MASA defined by
Kadison and Singer are faithful.

Proof. If T'is an a-coercive operator, i.e. (Tx,z) = al|z||> with @ > 0, then T is a-
coercive as well regardless of the projection P. In particular, if T € B(H) is a coercive
operator, then E[T] cannot zero, being by definition a weak limit of coercive positive
operators all with the same constant as T'. If now 7T is any non-zero positive operator
and £ > 0 is any real number with ¢ < ||T||, the spectral theorem provides us with an
orthogonal decomposition H = M, & N, with M, and N, both T-invariant and such
that the restriction T' I'y_ is e-coercive. The remark we started our proof with allows to
conclude that F[T] is not zero either. O

More importantly, the conditional expectation exhibited above is indeed unique.

Theorem 3.2.6. The conditional expectation E : Qy — C*(U) is unique.
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Proof. Let F be a conditional expectation from Q, onto C*(U). The commutation rules
k k k
S5U = U” SY give F[S5]U = U” F[S5] = F[S5]U” . If we now set f(U) := F[S5], we
k

see that f(2)(z — 2> ) = 0, hence f(z) = 0 for every z € T. This says F[S5] = 0, i.c.
F=FE. O]

We can now move on to Dy. The plan of the proof is the same as before. We will
again use the conditional expectation defined by Kadison and Singer. This result can
be seen as a generalization of the well-known property of D, being maximal in O,.
We start with the following some lemmas. We still denote by E the unique faithful
conditional expectation from B(#H) onto ¢ (Z). As known, this is simply given by
(E[T]€i7€j) = (T€i7€j)5i,j-

Lemma 3.2.7. The following relations hold:
o E[U"] =640,
e E[5,5:]= 5.5,
e if ] # |8, E[SaS;Uh] is either 0 or Ej,
e if o] =P, E[SaS;Uh] is either O or SaS;Uh.
Proof. The first two equalities need no proof. For the third, without harming generality,
we may suppose that |a| < ||
E[S,S50"] = E[U"(8,)"" ()" 0" "]
_ E[Uh(a)(s2)|a| (S;)|a|U—h(a)Uh(a)(S;)|ﬁ|—|0¢|Uh—h(5)]
- Uh(a)(52)|01| (S;)|a|U_h(a)E[Uh(a)(S;)|ﬁ|_|a|Uh_h(ﬁ)].
where h (o) and k() are positive integers. Accordingly, we are led to compute E[U"(S,)"U'],
where h € Z. Now the condition U"(S,)*U'e; = e; implies that i = 2°(i + 1) + h, and

because the former equation has a unique solution, we get the thesis. Finally, for the
fourth we have that

E[SaS;Uh] _ E[Uh(a)(SQ)IaI (S;)Iﬁth—h(ﬁ)]
_ E[Uh(a)(s2)|a| (S;)IaIU—h(a)Uh-h(BHh(a)]
_ Uh(a)(52)|a| (S; )Ial U—h(a)E[Uh—h(BHh(a)]
= 5h—h(6)+h(a),0Uh(a)(52)|a| (S;)m'U_h(a)
= Gpon(yen ol (So) ()"

h
= On-n(g)+h(a) 05aS5U
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In order to make our proof work, we also need to take into account the conditional
expectation © from Q, onto D, described in [LL12]. We recall that this is uniquely
determined by ©((S3)' U fU' S3) := 5i,i:617lr(5;)iU_lfUlS;, where f is in F,. Moreover,
it is there shown to be faithful too.

Lemma 3.2.8. If |a| = |3]|, then @[SQS;U}L] is either 0 or SaS;Uh. In particular, ©
and E coincide on monomials SQS;Uh with || = |B].

Proof. By direct computation. Indeed, we have

018,550 = 0" (8, (55) "I
- 5h(a),—h+h(5)Uh(a)(S2)|O‘|(S;‘)|06|Uh—h(,3)
]
Theorem 3.2.9. The diagonal subalgebra Dy C Q5 is a maximal abelian subalgebra.

Proof. As usual, all we have to do is make sure that the relative commutant Dy N Q, =
loo(Z) N Qy reduces to Dy. Let x € Loo(Z) N Q,, then there exists a sequence {x;}
converging normwise to z with each of the x;, of the form ) caﬂ’hSaS;Uh. As above,
x = E(x) = limy, E(z;). Thanks to the former lemmata, we can rewrite E(x;,) as di, + f3,
where d;, € Dy and f;, are all diagonal finite-rank operators. Now, being d;, = O(z}),
we see that d;, must converge to some d € D,. But then f, converge normwise to a
diagonal compact operator, say k, which means k = x — d is in Q,, hence k = 0, being
K(H)N Qy, ={0}, and z = d € D,. O

We now show that there is no conditional expectation from Q5 onto O,.
Theorem 3.2.10. There is no unital conditional expectation from Qo onto Os.

Proof. Suppose that such a conditional expectation does exist. We want to show that
this leads to F(U) being U, which is obviously absurd. We shall work in any represen-
tation in which S; and S, are both pure, for instance the one described in [CL12|. If we
compute E on the operator US| S5S5 (S7)" by using the commutation rule Sy U = USY
we easily get to the equality

E[U]S1'858; (81)" = 53595 (51)"

But on the other hand we also have that US] S5, (S7)" = S55,55 (S7)". Accordingly,
E(U) and U must coincide on the direct sum of the subspaces M,, = S S5S5 (S1)"H.,
which can shown to be the whole H, (see the proof of Proposition |3.2.17)). n

3.2.2 The relative commutant of the generating isometry

This section is entirely devoted to proving that C*(S,) N Q, is trivial. We first ob-
serve that this is the same as proving that C*(S;)' N Q, is trivial, merely because
ad(U™)(C*(Sy)) = C*(S;). For this, we still need some preliminary definitions and



CHAPTER 3. THE INNER STRUCTURE OF Qy AND ITS AUTOMORPHISM GROUP73

results.

Given any k € N, we set Bj := span{SaS;Uh||a| = |B| = k,h € Z}.
Lemma 3.2.11. Let x € B];, then

1. (SHF s e c*(U);

2. the sequence {(Sy)"xS]"} stabilizes to a scalar c, € C.

Proof. Without loss of generality, suppose that = = SaS; U". We have that
(STY Sy = 6,,55U" Sy,

If A~ > 0, then by using the relation S,U = US,;, we see that the r.h.s. of the last

expression is given by
001558, U" = 5, 16,5.,U"™

where v is a multi-index of length k. If h = 0, we obtain
001555t = 001041

When h < 0, by using the relations U*S; = Sy and U*S, = S;U™ we obtain
(saéS;Uth = 5a7lUl(h)S::Sl = 6047;(5%1[][(}1)

where v is a multi-index of length k. We observe that in these cases we always have
[I(h)| = ||, and this fact will be important in the sequel. For the second part of the
thesis, we may suppose that m > k + |h| + 1. The needed computations can be made
faster in the canonical representation (for brevity we write [ instead of I(h)):

(Sf)mUlsinej = (Sf)mUl€2mj+2m—1 = (Sf)m€2mj'+QM—1+z-

The expression above is non-zero if and only if 2”5 +2" —1+1 = 2"i+ 2" — 1 for some
i, that is to say [ = 2" (i — j). But m > k+ h + 1 and [l| < |h|, therefore we finally get
1=7and [l =0.

]

Proposition 3.2.12. Let x € Q, = span{SaS;Uh| la| = |B|,h € Z}. Then
n}ys{“)%s{l eC

Proof. By hypothesis there exists a sequence x; € Bg(k) that tends normwise to .

Choose a pair of natural numbers i and j. For any k& € N sufficiently larger than f (%)

and f(j), by the former lemma we have that (S7)*z;SF =: ¢, (Sf)kij]’LC =:¢; € C.
The sequence ¢; is convergent since

le; = Cj| = ||(5qk)kxzsic - (Sf)kijfH < ||z —%”-

We denote by ¢ the limit. Now the sequence (S; )h:pS{L tends to ¢ as well. O]
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For any non-negative integer ¢ we now define the linear maps F; : Qy — Qg given by
Fio) = [ G.La(s0) s
F(2) i= J'T G.[S 2]z

We observe that

Fi(z) = ﬂ(x)Si(sf>i (3.2.1)
F_i(z) = S1(S7) F_i(x). (3.2.2)

Before proving the main result of the section, we also need to recall the following lemma,
whose proof can be adapted verbatim from the original [Cun77, Proposition 1.10], where
it is proved for the Cuntz algebras instead.

Proposition 3.2.13. Let x € Q, be such that Fy(x) =0 for alli € Z. Then x = 0.
Now we have all the tools for completing our proof.

Theorem 3.2.14. Let w € U(Q,) such that wS;w™ = AS; for some A\ € T. Then
w € T1.

Proof. First of all we observe that we also have wS;w* = AS;, which in turn implies

wS} = AS;w. We have that S; F;(w)S; = AF,(w). Indeed, for i = 0,

S*E(w)S, = SF (LT & Lw(S?) ]dz)Sl _ J Sr . [w(ST) 1S, dz
- | arstu(sty'sdde =) [ ELu(s]) Mz = AR )
SYF_(w)S, = S (LT [Slw]dz> S, = j SEaL[Siw]S,dz
= LT a.[SSiwS, 1dz = A L a[Siwldz = AF_;(w)
By Proposition we obtain that for each ¢ € Z one has
lin(S7)"Fi(w)S} = lim X“Fy(w) = (tim \*)E(w) € C.

Equation (3.2.1)-(3.2.2)) together imply that for ¢ # 0 we have Fj(w) = 0. Now Propo-
sition [3.2.13| applied to w — Fy(w) gives the claim. O

We finally got the result we were looking for.

Theorem 3.2.15. The relative commutant of C™(S;) in Qs is trivial, namely C*(S;) N
Q, = Cl1. In particular, we also have that Oy N Qy = C1.
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Proof. The first part of the Theorem follows by taking A = 1. For the second part
of the statement this is actually an easy consequence of Theorem [3.2.15] and the fact
Oy € C*(S;)" (which in turn follows from the obvious inclusion C*(S;) € O,). O

Exactly as for the Cuntz algebras, the former Theorem yield the following result
concerning outer automorphisms of Q,.

Proposition 3.2.16. Let ¢ € Aut(Q,) be such that ¢(S;) = zS; for some z € C. Then
¢ 1s an outer automorphism.

In order to take a step further towards the study of Q,, especially as far as the
properties of the inclusion Oy C 9, are concerned, it is worthwhile to recall a useful
result proved by Larsen and Li in their aforementioned paper |[LL12]. It says that a
representation p of Oy extends to a representation of Q, if and only if the unitary part
of the Wold decomposition of p(S;) and p(Sy) are unitarily equivalent. Accordingly,
once the unitary parts of the Wold decompositions have been proved to be unitarily
equivalent, then the isometries are unitarily equivalent too because of the relation US; =
S,U. As remarked by the authors themselves, this allows us to think of Q5 as a sort of
symmetrized version of O,. Notably, the result applies to those representations 7 of O,
in which both 7(S;) and 7(S,) are pure. Moreover, in such cases the sought extension
is unique. This is the content of the next proposition (cf. [LL12, Remark 4.2]).

Proposition 3.2.17. Let 7 be a representation of Oy on the Hilbert space H, such
that w(S1)_and 7(Sy) are both pure. Then there exists a unique U € B(H) such that
7(S)U = U*n(S,y).

Proof. Thanks to the theorem recalled above, all we need to do is prove the uniqueness
part in the statement. To this aim, we note that the following relations U S} S5S5 (S} )=
535,55 (SP)" allow one to determine U on the direct sum of the subspaces M, :=
515555 (S1)"H,., which we now show to be the whole of #,.. As S, is pure, we have
{0} =N, SPHSEY™ . As a consequence, we find that P m, =0, where M, :=
ST(SF) H,. This in turn implies that ST (S7)"*" strongly converges to 0. But now
we can rewrite 577 (SF)"! as follows

ST SEY™ =1 = (8955 + S15955 55 + ... + 579,595 (S5)™)

which says that (S5 +.515555 Sy +...+57 5555 (S7)") tends to 1 strongly, i.e. ®,M, =
H,. ]

One of the main results proved by Larsen and Li in [LL12] says that a representation
p of O, extends to a representation of O, if and only if the unitary part of the Wold
decomposition of p(S;) and p(Sy) are unitarily equivalent. Accordingly, once the unitary
parts of the Wold decompositions have been proved to be unitarily equivalent, then the
isometries are unitarily equivalent too because of the relation US; = S,U.

We mention that the above Proposition could be obtained from the former result
(see |ACR16| Section 3.2])).
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Corollary 3.2.18. If x € Q, is such that v = ¢(x), then x is a scalar.

Proof. By hypothesis, we have x = S1xS7 + SoxSy. If we now multiply the former
equality by .S; on the right, we easily get xS; = S;x, with ¢« = 1,2. Hence, x must be
trivial, being an element of the relative commutant 0,' N Q,. O

As a matter of fact, much more can be said of the canonical shift. In fact, it turns
out that it enjoys the so-called shift property, i.e. [), 2" (Q,) = C1, whence its name.
This important property should have first been singled out by R. T. Powers, who called
it strong ergodicity, but we do not have a precise reference for the reader. The canonical
shifts of @,, are of course known to be strongly ergodic, see [Lac93| for a full coverage of
the topic. The proof we are about to give, though, does not rely on this last statement,
which means our result can be thought of as an actual generalization at least as far as
O, is concerned.

Theorem 3.2.19. The canonical endomorphism ¢ of Qy is a shift, i.e. [, ng(Q2) =
C1.

Proof. Since 3" () = D ilyl=k Sz, the equality gEk(:c)SaS; = SaS;gEk(:c) is straight-
forwardly checked to hold true for every pair of multi-indices o and 8 with |a| = | 3] = k.
This says that $"(Q,) is contained in (F)' N Q, for every k. But then we have the
chain of inclusions [, 7 (Q,) c ﬂk(}f)' NQy, CFyNnQyCDyn Qy = Dy, where the
last equality depends upon D, being a maximal abelian subalgebra of Q,. Therefore
FoNQy=F,NDy CFyNFy=Z(F,) =Cl. O

In particular, in the proof above we saw the equality .7-'; N Q, =Cl, ie. F,is an
irreducible subalgebra of Q,, a fact worth stressing.

Remark 3.2.20. The former theorem says in particular that ¢ is not surjective in a rather
strong sense. We can be more precise by observing that U is not in ¢(Q,). Indeed, by
maximality of C*(U), any inverse image of U should lie in C*(U), but the restriction
of ¢ to C*(U) does not yield a homeomorphism of T.

As a corollary, we can also state yet another result of irreducibility, for the Cuntz
algebra O, is by no means the sole remarkable subalgebra of Q, we know of to have a
trivial relative commutant.

Proposition 3.2.21. The fized-point subalgebra Qy is irreducible in Qy, i.e. (Qy) N
Q2 =Cl1.

Proof. A straightforward consequence of the inclusion F, C Qg. [

3.3 Extending endomorphisms of the Cuntz algebra

3.3.1 Uniqueness of the extensions

In this section we discuss the problem of extending endomorphisms of O, to endomor-
phisms of Q,. More precisely, we give necessary and sufficient conditions for an extension
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to exist. Let V' is a unitary of O, such that the associated endomorphism Ay extends
to an endomorphism A of Q,, then one must have VUS, = VS, = )\V(Sl) = \(9,) =
M)A (Sy) = )\(U)VSg Therefore, N(U)V Sy = VUS, and thus UV )\(U)VSz = S,.
Thus, setting W = U*V*AN(U)V, it holds WSy = Sy and NU) = VUWV*. We now
examine whether such extensions exist. We always have

VS SV + VUWV VS, Sy VIVIW U VT = V(5,85 + US,SaU W =VV™ =

and we must have

VSoAMU) = MUV S,

or, equivalently,
VS,VUWV* = (VUWV VS, = VUWV* VUWV*VS, = VUWUWS, = VUWUS, .
We have thus shown the following result.

Proposition 3.3.1. Let V € U(O,y) and let Ay, € End(Oy) be the associated endomor-
phism. Then Ay extends to an endomorphism of Qq if and only if there exists a unitary
W € Q, such that WSy =S, and SQVUWV =UWUS,. For any such W, we have an
extension \ = )\VW with N(U) = VUWV™.

We are going to see that the unitary W defined above is uniquely determined in all
the cases we have examined. Furthermore, the endomorphism X is necessarily injective
because of Qy being simple. Moreover, if Ay is an automorphism of O, then X is
surjective if and only if the associated W is contained in A(Q,). Moreover, for the
extensions built above the following composition rule holds:

Avw © Ayt = )\,\V(V')V,WV*XV,W(W')V

As an example, we have
Y= >‘0,U*9U29

where § = Y7 _| 55,57 S} € U(F;) is the self-adjoint unitary flip.

i,5=1

It is interesting to note that the extensions of the gauge automorphisms we have
considered all work with W = 1. This is not a case. In fact, the converse also holds
true.

Proposition 3.3.2. Let V € U(O,). If the associated endomorphism Ay € End(O,)
extends to Ay, that is to say the choice W =1 does yield an extension, then V = z1,
for some z € T.

Proof. If we put W = 1 in the equality SsVUWV™ = UWUS,, we get S;,VUV™ = US,.
But UQSQ = S,U, and so we must have SoVUV™ = S,U. Hence VUV* = U, ie. V
commutes with U. Since V is a unitary, we also have V € C*(U)' N O,, which concludes
the proof. O]
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Extensions of the identity map of Oy, which obviously correspond to V' = 1, may be
looked at more closely. If we define W := U*A(U), we find that W is a unitary in O,
such that A(U) = UW, WS, = S, and WS, = S,W. Indeed, S555 + UWS,Ss W U™ =
5,8y + US,S5U =1 and SyUW = (UW)?S,, so that U*SoW = UWUW S, and thus
USoW = WUS,. Hence, SiW = WS, as stated. Obviously, the trivial choice W =1
corresponds to the trivial extension.

Proposition 3.3.3. If W € U(Q,) is such that WSy = Sy and WS, = S;W, then
W =1.

Proof. This is in fact a straightforward application of the fact that C*(S;)' N Q, =
C1. O

We are at last in a position to prove the following result that says that a non-trivial
endomorphism of 9, cannot fix O, pointwise.

Theorem 3.3.4. If A € End(Qy) is such that A 1o,= ide,, then A = idg, .
Proof. A straightforward application of the former proposition. O]
As a simple corollary, we can also get the following property of the inclusion Oy C Qs.

Corollary 3.3.5. If A} € Aut(Qs) and Ay € End(Qy) are such that Ay 1o,= Ay lo,,

then Ay = Ay. In particular, Ay is an automorphism as well.

Proof. Just apply the above theorem to the endomorphism Al_l o Ay, which restricts
trivially to O,. [

In particular, the extensions of both the flip-flop and the gauge automorphisms are
unique.

Of course there are automorphisms of Q, that do not leave O, globally invari-
ant. The most elementary example we can come up with is probably Ad(U). In-
deed, Ad(U)S, = US{U* = Sy, = US,, Ad(U)S, = US,U™ = S;U* = U*S, Hence,
ad(U)(O,) is not contained in Oy, because S;U™ is not in O@y. Even more can be said.
Indeed, Ad(U)(F,) is not contained in O, either. This is seen as easily as before, since
for instance Ad(U)(S,S5) = US; S, U™ does not belong to O, although S; S5 belongs
to Fy. Given that US;SoU" = SoUS, U™ = SoUS;UU™ = S,UST, if US S, U™ were
in Oy, then U = Sy S,USTS; would in turn be in O, which is not. Even so, Ad(U)
does leave the diagonal subalgebra D, globally invariant. This can be shown by means
of easy computations involving the projections of D} := span{S, S s.t. /(a) = k} for
every k € N.

We would like to end this section by remarking that for each A € End(Q,) there
still exists a unique u, € U(Qy) such that A(Sy) = upSy and A(S;) = u,S;, which is
simply given by uy = A(S;)ST + A(S)S;. Furthermore, A leaves O, globally invariant
if and only if uy € O,. This allows us to regard the map End(Q,) 2 A - uy € U(Q,)
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as a generalization of the well-known Cuntz-Takesaki correspondence. Nevertheless,
this map is decidedly less useful for Q, than it is for Oy, not least because it is not
surjective. In other words, there exist unitaries v in U(Q,) such that the correspondence
S1 — uSy, Sy = uSy do not extend to any endomorphism of Q,. Examples of such
u are even found in U(O,), as we are going to see in the next section, where we shall
give a complete description of the extensible Bogoljubov automorphisms. For the time
being we observe that if a unitary v € U(Q,) does give rise to an endomorphism A, the
equation uUSy = A, (U)uSs must be satisfied. This says that A, (U) = uUWu™ for some
W € U(Q,) such that WSy = Sy and SyuUWu" = UWUS,. By the same computations
as at the beginning of the section, the converse is also seen to be true. Hence we obtain
a complete if hitherto unmanageable description of End(Q,). At any rate, our guess is
that the above equations are hardly ever verified unless u is of a very special form, such
as u = vP(v*) for any v € U(Q,), corresponding to inner automorphisms, u = €1,
corresponding to the gauge automorphisms, or u = SyS5 U™ + US,S, , corresponding to
the flip-flop. In fact, this prediction is partly supported by the result in the negative
obtained in the next section. Moreover, it is still not clear at all whether the map
End(Qs) 3 A — wu, is injective, although its restriction to Aut(Q,) certainly is.

3.3.2 Extensible Bogoljubov automorphisms

At the beginning of this chapter we gave some example of endomorphisms of O, that
extend to Qy. Now we are going to study a particular family of automorphisms of O,
namely the Bogoljubov automorphisms (see Section , and precisely determine which
ones extends to automorphisms of Q,. We begin with exhibiting some automorphisms
that do not extends. If we denote by o, g the automorphism of €, defined by o, 5(S;) =
aS; and o, 5(52) = S, for any given «, § € T, we have the following proposition.

Proposition 3.3.6. The automorphisms o, 5 € Aut(€)y) defined above extend to endo-
morphisms of Qy if and only if o = 3.

Proof. Since S| and Sy are unitarily equivalent in Q,, their images a.5; and (S5 would
be unitarily equivalent as well if an extension of o, 5 existed. In particular, we would
find {a} = 0,(aS;) = 0,(8S2) = {8}, which is absurd unless a = /3, in which case the
corresponding endomorphism does extend being but a gauge automorphism. O]

It is no surprise that the same proof as above covers the case of the so-called anti-
diagonal automorphisms. These are simply given by p, 5(S1) = @Sy and p, 5(Ss) = 85
for any given a, 8 € T. Again, an automorphism p,, 3 extends precisely when a = 3. To
complete the picture, we shall presently determine which Bogoljubov automorphisms of
2, extend to endomorphisms of Q,. A suitable adaptation of some of the techniques
developed by Matsumoto and Tomiyama in [MT93] will be again among the ingredients
to concoct the proof of the main result of this section. This says that the extensible
Bogoljubov automorphisms are precisely the flip-flop, the gauge automorphisms, and
their products, which altogether form a group isomorphic with the direct product T XZ,.
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To this aim, consider a unitary matrix
_ a b 2
A_< . d)eU(C).

and let @ = A4 be the corresponding automorphism of €y, i.e. a(S;) = aS; + ¢Sy =
(aU + ¢)S5 and a(Sy) = bS, + dSy = (bU + d)S,. Set f(U) = (bU + d) for short. The
condition S,U = U>S, implies that f(U)Sya(U) = a(U)Qf(U)SQ Suppose that « is
extensible and denote by & such an extension. Finally, set U = a(U), Sy = a(S,),
S, = a(S;). From now on we shall always be focusing on the case where a,b, ¢, d are
all different from zero. That said, the first thing we need to prove is the extension is
unique provided that it exists.

Lemma 3.3.7. If \4 extends, then its extension is unique.

Proof. By Proposition all we need to check is that S is pure as an isometry acting
on £5(Z). This entails ascertaining that (], Ran[S}(S7)"] = {0}. To this aim, let us set
M, = Ran[S]'(S7)"]. As M,,,; C M, we have that En m, = lim By strongly. Thus we
are led to show lim,, E), = 0. For this it is enough to prove lim,, || Ey; ex|| = 0 for every
k. Now the powers of S, are given by S} = D af=n CaSa; Where ¢q = a™ @) e
with n; () being the number of 1’s occurring in « and ny(«) the number of 2’s occurring
in a. We set L = max{|a|, |c|} and observe that L < 1 by the hypotheses on the unitary

matrix A. We have that
1(ST)"exll = lcagy| S L" >0 n— +00

for a unique coefficient c, ) that depends on % (this is actually a consequence of the
fact that Z|a|=k S,Sx =1). This in turn implies the claim. m

In light of the previous result, it is a very minor abuse of notation to denote by A4
also its extension to Q, when existing.

Lemma 3.3.8. If A\, extends, then U € Qg.

Proof. Suppose that U is not in Q2 Then by definition there must exist a non-trivial
gauge automorphlsm Qg such that Oég(U ) # U. By applying ap to both sides of the
equalities S,U = U? S, and 5’252 + U5’232 U* =1, we also get

ao(U)*S, = Sap(0)
525; + C%(U)S2S;C%(U)* =

which together say there exists an endomorphism A € End(Q,) such that A(SQ) =5,
and A(U) = ag(U) Now A(S,) = AUS,) = AU)A(S,) = ap(U)S, = ¢ OCQ(USQ) =
e 9049(51) = S, = Ma(S)). A contradiction is thus arrived at because A and A4 are
different maps. O
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Now we introduce some lemmas to prove that &(U) is actually contained in C*(U).
Lemma 3.3.9. For any = € By, the element (S3) 25} belongs to C*(U).
Proof. Suppose that = = SaS;Uh, where |a| = |B] = k. If h = 0, we have that

(S xSy = (5';)kSaS;Uh§f is a polynomial in U. The case h < 0 can be handled with
similar computations. O

Lemma 3.3.10. Let x € Qg such that the sequence (5*;‘)%5{“ converges to an element
z. Then z € C*(U).

Proof. Let {y;}rs0 be a sequence such that y, € By and y, — = normwise. Then the
thesis follows from the following inequality

2 = (53) STl < Nz = (S5) 2SI+ 11055)" (2 = i) STl -
]
Lemma 3.3.11. We have that U € C*(U).

Proof. By applying 5;; to the identity QSf = S§U we get Ugf = gSU For all k € N we
have that (SHFUSF = U. Therefore, U is in C*(U) thanks to Lemma [3.3.10} applied
tox =U. O

We have verified that a(U) = g(U) for some g € C(T), which turns out to be vital
in proving the following result.

Theorem 3.3.12. If a € Aut(€),) is a Bogoljubov automorphism, then o extends to Qs
if and only iof a is the flip-flop, a gauge automorphism, or a composition of these two.

Proof. By the discussion at the beginning of this section it is enough to consider the case
in which a, b, ¢, d are all different from zero. All the computations are henceforth made
in the canonical representation. The condition f(U)Sya(U) = a(U)*f(U)S, vields

FU)S,9(U) = g(U)?£(U)S,
FW)gU*)Sy = F(U)g(U)?S,.

Since the point spectrum of U is empty, f(U) is always injective, unless b = d = 0, in
which case A is not unitary. Thus g(U?)S, = g(U)*S,. At the function level we must
then have g(z°) = ¢(z)° for every z € T. By continuity, we find that g(z) = 2, for
this see e.g. the Appendix. Therefore g(U) = U'. We have that a(S;) = aS; + ¢S, =
bUlHSQ + dUlSQ. If we compute the above equality on the vectors e,,, we get

ACome1 F C€am = Deopiis1 + degpyy.

which is to be satisfied for each m € Z. Therefore, there are only two possibilities to
fulfill these conditions:

l.l=1,anda=d+0,b=c=0;
2.l==-1,andb=c#0,a=d=0.

The first corresponds to gauge automorphisms, whilst the second to the flip-flop and its
compositions with gauge automorphisms.

O
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3.4 Outer automorphisms

In this section the group Out(Q,) is shown to be non-trivial. More precisely, it turns
out to be a non-abelian uncountable group. A thorough description of its structure,
though, is still missing.

3.4.1 Gauge automorphisms and the flip-flop

Below the flip-flop and non-trivial gauge automorphisms are proved to be outer. In
fact, this parallels analogue known results for O,. Since gauge automorphisms are more
easily dealt with, we start our discussion focusing on them first.

Theorem 3.4.1. The extensions to Qy of the non-trivial gauge automorphisms of O,
are still outer automorphisms.

Proof. This is a consequence of Proposition |3.2.16| n

Among other things, we also gain the additional information that Out(Q,) is an
uncountable group, in that different gauge automorphisms give raise to distinct classes
in Out(Q,). Indeed, if @y and ay are two different gauge automorphisms, then there
cannot exist any unitary u € Qy such that uay(z)u” = ag(x) for every z € Q,. For
such a u should commute with both U and S5, and so it should be trivial, i.e. ay = ap.
For the sake of completeness we should also mention that every separable traceless
C™*-algebra is actually known to have uncountable many outer automorphisms [Phi87].

Remark 3.4.2. Notably, the former result also provides a new and simpler proof of the
well-known fact that the gauge automorphisms on O, are outer. However, the case
of a general O, cannot be recovered from our discussion, and must needs be treated
separately, as already done elsewhere.

As for the flip-flop, instead, we start our discussion by showing it is a weakly inner
automorphism, which is the content of the next result.

Proposition 3.4.3. The extension of the flip-flop to Qy is a weakly inner automor-
phism.

Proof. By definition, we only have to produce a representation 7 of Q, such that 7 is
implemented by a unitary in 7T(Q2)”. The canonical representation does this job well.
For if V. € U(ly(Z)) is the self-adjoint unitary given by Ve, = e_,_;, the equalities
VS, V* =S, and VS,V* = S are both easily checked. Since the canonical representa-
tion is irreducible, the proof is thus complete. O

This result should also be compared with a well-known theorem by Archbold |Arc79|
that the flip-flop is weakly inner on O,.

Remark 3.4.4. The unitary V as defined above can be rewritten as V = PU = U*P,
where P is the self-adjoint unitary given by Pe, = e_;, k € Z. Obviously, V is in Q, if
and only if P is. We shall prove that P is not in Q, in a while. At any rate, we observe
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the equality V(S;VST + S,V S5)" = 5155 + 5,57 = f € O,, which is immediately
checked, and fV = S,VS; + S,V Sy = Vf. Finally, it is worth noting that U = (1),
and that P is the canonical intertwiner between Az and pz. In this picture, Q, is thus
the concrete C*-algebra on (4(Z) generated by C(Z) and the copy of Oy provided by
the canonical representation.

In spite of being weakly inner, A ¢ is an outer automorphism, as is its restriction to
O,. To prove that, we first need to show that the unitary V' above is up to multiplicative
scalars the unique operator in B(/5(Z)) that implements the flip-flop.

Proposition 3.4.5. If W € B((,(Z)) is such that ad(W) o,= A, then W = AV for
some X\ € T.

Proof. First note that we must have ad(Wz) = idp,(z)) since the flip-flop is an invo-

lutive automorphism and Qj = B(l5(Z)). Hence W? is a multiple of 1, and therefore
there is no loss of generality if we also assume that w? = 1, ie. W = W™ From the
relatlon WSIW = 5,5, we get S;Wey =Wey. Hence Wey, = Ae_; for some X\ € T. From
€ = w? eo = \We_; we get We_; = Aeg. We now show that either A = 1 or A = —1. In-
deed, from UW = WU™ it follows that We_; = WU ey = UWey = U(Xe_1) = Aey = Aeg,
which in turn implies that X is real. Of course, we only need to deal with the case A\ = 1.
The conclusion is now obtained at once if we use the equality WU = U*W inductively,
for Wepyy = WUe, = U Wep = U'e_j_1 = e_i_o, as maintained. O

Remark 3.4.6. Of course, the uniqueness of V' could also have been obtained faster
merely by irreducibility of Q,. However, the proof displayed above has the advantage
of showing how we came across the operator V.

Here finally follows the theorem on the outerness of the flip-flop.
Theorem 3.4.7. The extension of the flip-flop is an outer automorphism.

Proof. Thanks to the former result, all we have to prove is that P is not in Q,, which
entails checking that P cannot be a norm limit of a sequence z; of operators of the
form x; = Zk Sy, S U Indeed, if this were the case, we should have ¢ > ||P —

Y e bih caﬁ,hSaS;UhH for some finite sum of the kind ) ,, caﬁ,hSaSBUh, with e > 0 as
small as needed. If so, we would also find the inequality

h h
e = Y CapnSaSaU"enll = 1Pew = Y CapnSaSiUenll < e
a,ﬁ,h a7ﬁ7h

This inequality, though, becomes absurd as soon as € < 1 and n is sufficiently large, i.e. n
is bigger than the largest value of |h|, for we would have [|e_,—) B CapnSaSs Ule,|I? =

hoog2 h
1+ || Zaﬂ,h ca,@hSaS;U en]l” =1, as Za’&h ca,g,hSaS;U e, € Hy. O

Now, as we know A 7 is outer, we would also like to raise the question whether there
exists a representation of Qy in which A; is not unitarily implemented. The answer
would indeed complete our knowledge of Ay itself.
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3.4.2 A general result

We saw above that the flip-flop is an outer automorphism. This is not an isolated case,
for every automorphism that takes U to its adjoint must in fact be outer. This is the
content of the next result.

Theorem 3.4.8. Every automorphism o € Aut(Qs) such that o(U) = U™ is an outer
automorphism.

Proof. All we have to prove is that there is no unitary W € Q, such that WUW™ =
U*. To this aim, we will be working in the canonical representation. If W € B(H)
is a unitary operator such that WUW = U”, then we have WUW™ = PUP, hence
PWU(PW)* = U, which says that PW commutes with U. Therefore, PW = f(U)
for some f € L®(T) with |f(z)| = 1 a.e. with respect to the Haar measure of T,
hence W = Pf(U). Then we need to show that such a W cannot be in Q,. If f is
a continuous function, there is not much to say, for Pf(U) € Q, would immediately
imply that P = Pf(U)f(U)" is in Q, as well, which we know is not the case. The
general case of an essentially bounded function is dealt with in much the same way
apart from some technicalities to be overcome. Given any f € L”(T) and € > 0,
thanks to Lusin’s theorem we find a closed set C. C T such that u(T \ C.) < € and
f Tc. is continuous. This in turn guarantees that there exists a continuous function
g. € C(T,T) that coincides with f on C. by an easy application of the Tietze extension
theorem. If Pf(U) is in Q,, then Pf(U)g.(U)" is also in Q,. Note that fg. = 1 + h,
where h, is a suitable function whose support is contained in T \ C.. In particular,
we can rewrite Pf(U)g.(U)* as P + Ph.(U). If the latter operator were in Q,, then
we could find an operator of the form Za,ﬁ,h caﬁ’hSaS;Uh such that ||P + Ph.(U) —

N B ca757hSaS; Uh|| < e. If N is any natural number greater then the maximum value
of |h| as h runs over the set the above summation is performed on, we should have
[|Pen + Ph(U)eyn — zaﬁh ca,g,hSaS;UheNH < €, namely

lle—y + Phe(U)en = ) capnSaSiU"enll <
a,fB,h
But then we should also have
le-x+Pho(U)ex= Y capnSaSiU"enll 2 llecy= Y CapnSaS5U" enll=I1Ph(U)exll
a,fB,h o,B,h
Hence
e > |le_y + Ph.(U)en - Z Ca,ﬁ,hSaS;UheN” 21— |[Ph(U)enl|
a,fB,h

The conclusion is now got to if we can show that ||Ph.(U)ey]|| is also as small as needed.

But the norm ||Ph.(U)ex|| is easily computed in the Fourier transform of the canonical
1

representation, where it takes the more workable form ([ |h.(z71) 2" Pdp(2))? and is

accordingly smaller than 2u(T \ C’E)% < 2:7. The above inequality becomes absurd as
soon as ¢ is taken small enough. O
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As a straightforward consequence, we can immediately see that the class of the flip-
flop in Out(Q,) do not coincide with any of the classes of the gauge automorphlsms In
other terms, the automorphisms X, 0 A7 s are all outer, sending U in U”*. Furthermore,
if we now denote by A_; the automorphism such that A_;(Sy) := Sy and A_;(U) :=
U™ = U", then the above result also applies to A, := A_; o &, which are outer as well
by the same reason. Also note that \,(S;) = 2S5. More interestingly, if z is not 1, the
corresponding A, yields a class in Out(Q;) other than the one of the flip-flop. To make
sure this is true, we start by noting that A_; and \ s do not commute with each other.
Even so, they do commute in Out(Qg) in that they even yield the same conjugacy
class. Indeed, we have ad(U™*) o A_; = )\f, or equivalently )\f o \_; = Ad(U™), which in
addition says that \ 70 A_; has infinite order in Aut(Q,) while being the product of two
automorphisms of order 2. From this our claim follows easily For, if A\, o A  is an inner
automorphlsm the identity A, o )\f =X o)\ o0 >\f = X, o Ad(U) implies at once that
), is inner as well, which is possible for z = 1 only However, the classes [A.] and [\ ]

do commute in Out(Q,), because \, o )\f oA 'o )\f = Ad(U?). In order to prove that
Out(Q,) is not abelian, we still need to sort out a new class of outer automorphisms.
This will be done in the next sections.

3.5 Notable endomorphisms and automorphism classes

3.5.1 Endomorphisms and automorphisms a such that a(S;) = S,

For any odd integer 2k + 1, whether it be positive or negative, the pair (.S, U%H) still
satisfies the two defining relations of Q,. This means that the map that takes S5 to itself
and U to U™ extends to an endomorphism of Q,, which will be denoted by Agpyq.
Trivially, this endomorphism extends the identity automorphism of C*(S,). A slightly
less obvious thing to note is that these endomorphisms cannot be obtained as extensions
of endomorphisms of €. Indeed, Agpi1(S1) = Agpr1 (USy) = U8, and U8, is
not in Q: if it were, we would also find that S;U***'S, = SSsU*UUS, = S5S,U" = U*
would be in €25, which is not. In this way we get a class endomorphisms Ay, 1, k € Z with
Ay =id and A_; being clearly an automorphism of order two. All these endomorphisms
commute with one other and we have Agj11 © Aopp1 = Aapsry2n+1) for any k, h € Z.
Phrased differently, the set {A\o,41 : k& € Z} is a semigroup of proper endomorphisms of
Q,. One would like to know if the endomorphisms singled out above give the complete
list of the endomorphisms of 9, fixing S5. In other words, the question is whether the
set
Uy = {V €U(Qy) | V2Sy = S5V, 559" + VS5V =1}

contains elements other than the U>**" with k € Z above. As a matter of fact, answering

this question in its full generality is not an easy task. An interesting if partial result
does surface, though, as soon as we introduce an extra assumption. Going back to the
endomorphisms Agj,1, we next show they are all proper apart from A\.;. The proof
cannot be considered quite elementary, in that it uses the maximality of C*(U).
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Proposition 3.5.1. None of the endomorphisms Aojyq 1S surjective iof 2k + 1 # 1.

Proof. Let 2 € Q, the C*-subalgebra of those z € Q, such that Ay (z) € C*(U).
We clearly have C*(U) C 2. Furthermore, as 2 is an abelian subalgebra, we must also
have 2 = C*(U). From this, it now follows that U is not in the range of Agy,q, for the

restriction Agpy1 Feox(py is induced, at the spectrum level, by the map T 3 2z — S e

T. [l

In addition, in the canonical representation the endomorphisms Ag;,; cannot be
implemented by any unitary W € B(¢5(Z)). More precisely, we can state the following
result.

Proposition 3.5.2. Let 2k + 1 be an odd integer different from 1. Then there is no
2k+1

unitary V in Qy such that V.Sy = SoV and VUV* = U™,

Proof. The proposition is easily proved by reductio ad absurdum. Let V be such a
unitary as in the statement. From V.S,eq = SyVey we deduce that Vg is an eigenvector
of Sy with eigenvalue 1. Without loss of generality, we may assume that Ve, = e;. Now,

Veh = VUhGO = U(2k+1)hVeo = U(2k+1)h€0 = €(2k+1)h> h = O, 1, 2, .

and, similarly,
Ve_h = 6—(2k+1)h7 h = —17 —2, e

To conclude, it is now enough to observe that V' is not surjective whenever 2k +1 # —1,
whereas the case of 2k + 1 = —1 leads to V' being equal to P, which does not belong to
Qs. ]

Rather than saying what the whole U, is, we shall focus on its subset Uy N C*(U)
instead, which is more easily dealt with. This task is accomplished by the next result.

Theorem 3.5.3. The set Us(C*(U) is exhausted by the odd powers of U, i.e. Us M
CHU) ={U 1 ke ).

Proof. Let W € UyMNC*(U). Then there exists a function f € C(T,T) such that
W = f(U). The condition SyW = W?>S, can be rewritten as Sy f(U) = f(U)*S,. On
the other hand, we also have Sy f(U) = f(U?)S,. Therefore f(U*)Sy = f(U)>S,, that
is f(U?) = f(U)*. Accordingly, the function f must satisfy the functional equation
f(z*) = f(2)*. Being continuous, our function f must be of the form f(z) = 2" for
some integer n € 7Z, see the Appendix. This means that W = U". If we also impose the
condition on the ranges S,S5 + U"SyS5U " = 1, we finally find that n is forced to be
an odd number, say n = 2k + 1. O

The result obtained above can also be stated in terms of endomorphisms of Q,.
With this in mind, we need to introduce a bit of notation. In particular, we denote
by Endes(g,)(Qa, C *(U)) the semigroup of those endomorphisms of Q, that fix S, and
leave C*(U) globally invariant.
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Corollary 3.5.4. The semigroup Endoe(s,)(Qa, C*(U)) identifies with {\gp41 : k € Z}.
As a result, we also have

Autr(s,)(Qa, CT(U)) = {id, A1} = Z,

The foregoing result might possibly be improved by dropping the hypothesis that
our endomorphisms leave C*(U) globally invariant also. This is in fact a problem we
are resolved to go back to elsewhere.

3.5.2 Automorphisms a such that a(U) =U

In this section we study those endomorphisms and automorphisms A € Q, such that
A(U) = U. This problem may be described in an equivalent way as determining the set

Sy:i={WeQy:W'W=1,WU=UW,WW*+UWW*U* =1} .

We start with exhibiting some families of automorphisms. Given a function f € C(T,T)
we denote by By the automorphism of Qy given by 8;(U) = U and (;(S2) = f(U)S,
which is well defined because the pair (f(U)S,, U) still satisfies the two defining re-
lations of Q,. Note that 3y o 8, = ;, so that we obtain an abelian subgroup of
Autex()(Q2) and that a constant function f(z) = ¢ gives back the gauge automor-
phism ay. Furthermore, we have the following result, which gives a sufficient condition
on f for the corresponding 3, to be outer. As the condition is not at all restrictive, the
correspondence f — (3, which is one to one, provides plenty of outer automorphisms.

Proposition 3.5.5. If f € C(T,T) is such that f(1) # 1, then (; is an outer auto-
morphism.

Proof. If V€ Q, is a unitary such that 3; = ad(V'), then V commutes with U and
therefore it is of the form ¢(U) for some g € C(T,T) by maximality of C*(U). The
condition £;(9) = ad(V)(S;) yields the equation f(U)S, = g(U)S,g(U)", that is
F(U)Sy = g(U)g(U*)*S,. But then ¢ and f satisfy the relation f(z) = g(z)g(22) for
every z € T. In particular, the last equality says that f(1) = ¢(1)g(1) = 1. ]

However, the condition spotted above is not necessary. This will in turn result
as a consequence of the following discussions. We will be first concerned with the
problem as to whether an automorphism f; may be equivalent in Out(Q,) to a gauge
automorphism. If so, there exist z, € T and W € U(Q,) such that WUW™ = U
and Wf(U)SyW™ = 2,S,. As usual, the first relation says that W = h(U) for some
h € C(T, T), which makes the second into h(U) f(U)h(U?)* = 2y, that is h satisfies the

functional equation h(z)f(2)h(2?) = z,. The latter says in particular that z, is just
f(1). We next show that there actually exist many continuous functions f such that
there is no continuous h that satisfies

h(2)h(Z%) = f(2)F(1) := U(z) . (3.5.1)
Note that ¥(1) = 1 and that there is no loss of generality if we assume h(1) = 1 as well.
By evaluating (3.5.1)) at z = —1 we find h(-1) = 1.
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Remark 3.5.6. By density, the continuous solutions of the equation h(z)h(z*) = ¥(z) are
completely determined by the values they take at the 2" —th roots of unity. Furthermore,
the value of such an h at a point z with 2 =1is simply given by the interesting formula
h(z) = m The latter is easily got to by induction starting from the relation
k=0 *\%

h(z%) = h(2)U(2).

Here is our result, which provides examples of 8; not equivalent with any of the
gauge automorphisms. Let f € C(T,T) be such that f(e”) = 1 for 0 < § < 7 and

™

f(e' ) =—1lformr+e<6<2r—cwith0<e<?Z then we have the following.

Proposition 3.5.7. If f € C(T,T) is afunctz'on as above, then the associated By is not
equivalent to gauge automorphisms.

Proof. With the above notations, suppose that h(z) is a solution of such that
h(1) = h(—=1) = 1, which is not restrictive. Since ¥(i) = \Il(eig) = 1 and h(i*) =
h(-1) =1, we 1mmed1ately see that h( )=1. As ¥(z) =1 for 0 < 6 <7, by using the
functional equatlon we find that h(e’ 2") = 1 for any n € N. Consider then z = ™1
We have ¥(e”7) = —1 and h(€2(5z4)) = h(i) = 1, which in turn gives h(e” 7)) = —1. By
induction we also see h(e;%) = —1. This proves that any solution h of the functional
equation with f as in the statement cannot be continuous. O

We can now devote ourselves to answering the question as to whether Out(Q,) is
abelian. It turns out that it is not. Our strategy is merely to show that automorphisms
f; corresponding to suitable functions f do not commute in Out(Q,) with the flip-flop.
To begin with, if 3; does commute with X in Out(Q,), then there must exist a unitary
V € Q, such that S\f o f3so0 S\f = ad(V') o 8. Exactly as above, the unitary V' is then a
continuous function of U, say V' = h(U). In addition, we also have

FU™)Sy = W(U) F(U)S,h(U)" = B(U) F(UIR(U?)"S,

and so we find that f and h satisfy the equation f(2z) = h(2)f(2)h(z?) for every z € T,
which can finally be rewritten as f(2)f(z) = h(2)h(z?), to be understood as an equation
satisfied by the unknown function h, with f being given instead. We next exhibit a wide
range of continuous functions f for which the corresponding h does not exist. To state
our result as clearly as possible, we fix some notation first. Let f € C(T,T) be such

that f (e 5 ) =4, and f(2) = 1 everywhere apart from a sufficiently small neighborhood

ofz—eg.

Proposition 3.5.8. If f € C(T,T) is as above, then [y does not commute with the
flip-flop in Out(Q,).

Proof. Repeat almost verbatim the same argument as in the foregoing proposition, now
verifying that h(e2”) =1 first and then h(e?"”’) =-1. O

Notably, this also yields the announced result on Out(Q,).
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Theorem 3.5.9. The group Out(Q,) is not abelian.

We end this section by proving that S, is in fact exhausted by isometries of the form
f(U)S,y, where f is a continuous function onto T. This requires some preliminary work.
First observe that given any s € S,, a straightforward computation says that both s*S,
and s*S; commute with U, but then by maximality of C*(U) we can rewrite them as
h(U) and g(U) respectively, with h and ¢ being continuous functions.

Lemma 3.5.10. There exists a continuous function f such that s = f(U)S,.

Proof. We start with the equality s* = s* (5,57 + 5555 ) = (5751)S] + (5755)55, in
which we substitute the above expressions. This leads to s* = g(U)S;y +h(U)S5, that is
s=S1g(U)* + Soh(U)* = USyg(U)* + h(U*)*Sy = (Ug(U?*)* + h(U*)*)S,. Therefore,
our claim is true with f(2) = zg(z*) + h(2?). O

Lemma 3.5.11. With the notations set above, for every z € T we have |h(z)|> +
lg(2)* = 1.

Proof. It is enough to rewrite the equality s*s = 1 in terms of h and g. O

Lemma 3.5.12. With the notations set above, for every z € T we have zh(z)g(z) +
g(z)h(z) =0.

Proof. Once again it is enough to rewrite the equality s*Us = 0, which is merely the
orthogonality relation between s and Us, in terms of A and g. O

We are at last in a position to prove the main result on Ss.
Theorem 3.5.13. If s € S,, then there exists a f € C(T,T) such that s = f(U)S,.

Proof. At this stage, all we have to do is prove that | f(2)|* = 1. But

1F(17 = (9(22)z2 + h(22)(g(2")Z + h(2")) = 1+ 2g(22)(2") + Zg(=")h(2") = 1

As an immediate consequence, we finally gain full information on Autcs ) (Qz).

Theorem 3.5.14. The equalities hold
Endes)(Q2) = Autes()(Q2) = {8y : f € C(T, T)}
In particular, the semigroup Endes(11)(Qs) is actually a group isomorphic with C(T,T).

Remark 3.5.15. The bijective correspondence f < 3, is also a homeomorphism between
C(T,T) equipped with the uniform convergence topology and Autcs()(Qs) endowed
with the norm pointwise convergence.

We conclude this section proving that Autcs()(Qs) is in addition a maximal abelian
subgroup of Aut(Q,).
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Theorem 3.5.16. The group Autes)(Q2) is maximal abelian in Aut(Q,).

Proof. We have to show that if « € Aut(Q,) commutes with any element of Autc () (Qz)
then « is itself an element of the latter group. Now, the equality awo ad(U) = ad(U) o «
gives ad(a(U)) = ad(U). Therefore, a(U) = zU for some z € T by simplicity of Q,.
The conclusion is then achieved if we show that actually z = 1. Exactly as above, we
also have ad(a(g(U))) = ad(g(U)) for any g € C(T,T). Again, thanks to simplicity
we see that g(zU) = g(a(U)) = a(g(U)) = A\g(U) for some \ € T, possibly depending
on g. In terms of functions we find the equality g(zw) = A\,g(w), which can hold true
for any ¢ € C(T,T) only if 2z = 1. Indeed, when z # 1 is not a root of unity the
characters w" are the sole eigenfunctions of the unitary operator ®, acting on Lz(']I‘)
as (®,f)(w) := f(zw). Finally, the case of a z that is a root of unity is dealt with
similarly. ]

Remark 3.5.17. The findings above are worth comparing with a result obtained in
[Cun80|] that the group of automorphisms of O, fixing the diagonal D, is maximal
abelian too.

The theorem also enables to thoroughly describe the automorphisms that send U to
U™, which have been shown to be automatically outer.

Theorem 3.5.18. If o is an automorphism of Qy such that a(U) = U™, then a(Sy) =
f(U)Sy for a suitable f € C(T,T).

Proof. Just apply the former result to \ joa. O

Finally, the automorphisms ; can also be characterized in terms of the Cuntz-
Takesaki generalized correspondence we discussed at the end of Section 4.1. Indeed,
they turn out to be precisely those A € End(Q5,) for which the corresponding W equals
1. For W = 1 we find in fact the equality SyuUu" = U232 = S,U, whence uUu" = U.
Therefore by maximality there exists a function f € C'(T,T) such that v = f(U), that
is A = 3.

3.5.3 Automorphisms a such that a(U) = 2U

The following discussion addresses the problem of studying those automorphisms A of
Q, such that A(U) = zU, with z € T. We start tackling the problem by defining two
operators acting on (5(Z). The first is the isometry S., which is given by Siey = z"eqy.
The second is the unitary U,, which is given by U,e;, = zkek. The following commutation
relations are both easily verified:

o U,U=2UU,
o U.S,=5S.U,

The first relation can also be rewritten as ad(U,)(U) = zU. We caution the reader that
at this level ad(U,) makes sense as an automorphism of B(¢5(Z)) only, because we do
not know yet whether U, sits in Q,. If it does, the first relation says, inter alia, that O,
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also contains a copy of the noncommutative torus A, in a rather explicit way, which is
worth mentioning. In order to decide what values of z do give a unitary U, belonging
to Q,, the first thing to note is that if U, is in Q,, then it must be in the diagonal
subalgebra D,, as shown in the following lemma.

Lemma 3.5.19. If U, is in Q,, then U, € D,.

Proof. A straightforward application of the equality Dy N Qy = Dy, as U, is in Dy =
loo(Z). [

The second thing to note is that the unitary representation T 3 z - U, € U(B({5(Z)))
is only strongly continuous. This implies that not every U, is an element of Q5. For the
representation z — U, is only strongly continuous, which means the set {U,}.er is not
separable with respect to the norm topology, whereas Q, obviously is.

Proposition 3.5.20. If z € T satisfies 2= for some natural number n, then U, is
m DQ.

Proof. Obviously only primitive roots have to be dealt with. But for such roots, say
i2r 28
=e

k-1 .
, the unitary U, may in fact be identified to the sum Z?:o 2’ P;, where the
projection P; belongs to D,, being more explicitly given by F; ;, ; , where the multi-

index (iy,19,...,1;) € {1, Q}k is the j-th with respect to the lexicographic order in which
2 < 1 and the multi-index itself is read from right to left. O]

The automorphisms obtained above are of course of finite order. More precisely, the
order of ad(U,) is just the same as the order of the corresponding z. In other words,
what we know is that the automorphism of C*(U) induced by the rotation on T by a
2"-th root of unity extends to an inner automorphism of Q,, whose order is still finite
being just 2". Due to the lack of norm continuity of the representation z — U, though,
the case of a general z is out of the reach of the foregoing proposition and must needs
be treated separately with different techniques. For this we need a preliminary lemma
whose content should be well known. Nevertheless, we do include a proof for the sake
of completeness.

Lemma 3.5.21. Any projection P € Dy is in the linear algebraic span of {SySn }aew -

Proof. It is convenient to realize D, as the concrete C*-algebra C'(K ), with the spectrum
K being given by the Tychonoff product {1, 2}N. If we do so, the projections of D,
are immediately seen to identify with the characteristic functions of the clopens of
K, and these are clearly the cylinder sets in the product space. The conclusion now
follows noting that for any multi-index o € W, the characteristic function of a cylinder
C,={reK:z(k)=ayforanyk =0,1,...1(a)} corresponds indeed to S,S.. O

The lemma above allows us to prove that no root of unity z may yield a U, that
belongs to Q, apart from the dyadic ones.

k
Proposition 3.5.22. Suppose that z € T is a root of unity such that 2% for all
natural numbers k. Then U, is not in D,.
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Proof. Suppose that z is an nth root of unity. In particular, the operator U, has finite
order, and so U, = ZZ=1 d, P, for some P, € D,, d;, € T thanks to the continuous
functional calculus. Furthermore, by Lemma we have that each projection P is
the linear combination of some S, S.. By using the equality S;.5] + S35y = 1, we see
that there is no loss of generality if we also suppose that

U.= ) caSaSi ca€T.

le=h

On the one hand we know that U.e, = ey, but on the other U.eq = ¢y 2)ep. This

means that c oy = 1. Since egn; is in the range of the projection SQ(SS)*, we must

also have the equality U,eqn; = (o, 9)€an; = egn. But by its very definition U,eqn; is

h h h

2 lezhl, therefore 2° ' = 1 for every [ € Z. Taking [ = 1, we finally see that 2 =1. O
We are finally left with the task of showing that any U, coming from a z that is not

a root of unity cannot sit in the diagonal subalgebra D,, which is proved in the next

proposition.

Proposition 3.5.23. The unitary U, is not in Dy if z € T is not a root of unity.

Proof. We shall argue by contradiction. If U, did belong to D,, then there would exist
a finite subset F' C W5 of multi-indeces such that

with ) . CaSaSy being unitary as well. In particular, we would have ||zkek—zaeF CaSuSaerl| <
e for every integer k. As usual, no loss of generality occurs if we also assume that the
a’s are all of the same length, say h. We have that

lleo = ) caSaSaeoll = 1=y 2] <z,

a€F
which in turn implies
2" 2h
|2 “eqny — Z caSaSSezhzll =[2" " - 02,...,2| <g,
a€F

h h
Now, if z is not a root of unity, then z° is not a root of unity and thus {(z° )'};ez is

dense in T, and thus an absurd is finally arrived at. O

To sum up, we have proved the following result.

Theorem 3.5.24. Let z € T. Then U, € Dy if and only if z is a root of unity of order
a power of 2.

For those z € T such that U, does lie in Q5 we can say a bit more.
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Proposition 3.5.25. Let z € T such that U, € Qy and o € Aut(Qy) such that a(U) =
zU. Then there exists a f € C(T,T) such that a(Sy) = f(2U)S..

Proof. By its very definition ad(U,-1) o a(U) = U. Therefore, we must have ad(U,-1) o
a = [y for some f € C(T,T). But then f(U)Sy = 5;(S;y) = U,-1(S2)U,, i.e. aSs) =
sz(U)SQUz_I = f(ZU)UzSQUz_l = f(ZU)S; L

Remark 3.5.26. We have already seen that if U, € Q, then S; € Q5. The converse,
too, is true. In fact, one can easily observe that U, = S, S; hence the claim follows.
In particular, whenever U, is not in Q,, the corresponding ad(U,) understood as an
automorphism of the whole B(/5(Z)) does not even leave Q, globally invariant.

3.6 The functional equation f(z°) = f(z)* on the torus

This is devoted to solving the functional equation f(z°) = f(z)?, of which we made an
intensive use in the previous sections.

Proposition 3.6.1. Let f be a continuous function from T to T such that f(2°) = f(2)?
for every z € T. There there exists a unique n € Z such that f(z) = 2".

Proof. By compactness of T along with continuity of f, the winding number of f is a
well-defined integer n € Z, for the details see e.g. Arveson’s book [Arv06, Chapter 4,
pp 114-115]. As a consequence, our function f must come from a function g : R - R
such that f(e) = e with g(0) = 0 and ¢g(27) = 2nw. Moroever, such a g can be
assumed to be 27 periodic (up to multiples of 27) and continuous in the open interval
(0,27). The functional equation can then be rewritten in terms of g as g(26) = 2¢(6)
(mod 27). The proof is complete if we show that g(#) = n# for every 6 € (0,27). By
continuity, it is enough to prove this only on a dense subset of the interval (0,27). To
this aim, note that we already know g (2%) = n21k for every k£ € N by virtue of the
equation itself. Now let € be a real number with 0 < ¢ < . Then we have the chain
of equalities g(2¢) = g(2(7 + ¢)) = 2g(7 + ) + 2k.w, where the first equality is due to
2m-periodicity and the second to the functional equation satisfied by ¢g. By continuity,
we can also say that k. does not depend on e. If we then compute the equalities at € = 0,
we can easily see what k is. Indeed, we find 0 = 2nm + 2k, that is K = —n. Therefore
our relation take the form g(2¢) = 2g(7 + ¢) — 2n7. If we now choose ¢ = 7, we see

that ¢ (7T + 2%) = n(ﬂ + 2%), as wished. It is now clear how to go on inductively in
order to show that g(#) = nf for those 6 corresponding to the midpoints of the intervals
obtained by halving [, 27] repeatedly, that is the dyadic rationals up to dividing by
. O

The above proposition can actually be regarded as a one-variable description of the
characters of the one-dimensional torus. It is worth pointing out, though, that it no
longer holds true as soon as T is replaced by the additive group R. In other words,
there do exist continuous functions f : R — T such that f(2z) = f(z)” other than
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filx) = em, which are obtained by exponentiating non-linear continuous functions
g : R — R such that g(2x) = 2g(z) for every z € R. However, any such g cannot be
everywhere differentiable with continuous derivative at 0.



Chapter 4

The HOMFLYPT polynomial and
the oriented Thompson group F

Recently Jones |Jon14] defined two ways of associating links to elements of the Thomp-
son group F', roughly one designed for real values the variable A in the Kauffman bracket,
one for A being a root of unity. We call the first one the real procedure, whereas the
second will be called the complex procedure. These procedures yield un-oriented links,
however the links associated to the elements of the oriented Thompson group F<F
(also introduced by Jones) have a natural orientation. In [AC16b], by using elementary
techiniques the author and Roberto Conti produced some unitary representations of F
associated with the Homfly polynomial and related to the real construction. In [ACJ16]
the author, Roberto Conti, and Vaughan F. R. Jones, produced unitary representations
of F' associated with the Homflypt polynomial and the complex procedure. In the latter
paper more powerful techniques developed by Jones were used, see |[Jon16]. We mention
that this results can be naturally generalized, and the case of the Homflypt polynomial
was just a particular application of these techniques. The objective of this chapter is to
give a self-contained treatment of the results contained in [AC16b].

4.1 Preliminaries: some definitions and examples

This section is devoted to introducing the definition of the oriented Thompson group F
and recalling the Jones’ real procedure for producing oriented links out of it.

In the first place (see [CEP96]) we recall some definitions of the Thompson group
F. The Thompson group F' can be defined by the following finite presentation

<x07x1 | Tk = T3, T3 = $1SC4)7

where z,, := a:(l)_":clxg_l for n = 2. In an alternative picture, F' can be seen as a
particular subgroup of the group of homeomorphisms of the interval [0, 1]. Indeed, it is

95
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generated by the following homeomorphisms (see [CFP96] for further details)

1 " Ost<1:
2% Os<ts<i L1 >

X X 41 2t—— —StS—

o = t+=- =<t=<-= Xy = 12 % g
4 4 2 t+ = cst=7

t 1 1 8 5,1

L4l 551&51 tyl 34 <

2 2 4777

An equivalent description is the following, [Bel07]. One can define standard dyadic
intervals, namely those whose endpoints are Qﬁn and % for n, k € N. Any finite partition
of the interval [0, 1] made with standard dyadic intervals is called a dyadic subdivision.
Given two dyadic subdivision A and B with the same cardinality, it is possible to define
a homeomorphism f4 5 : [0,1] = [0, 1] which maps linearly each interval of A onto the
corresponding interval of B. The maps f4p form the group F. This characterization
of the Thompson group has the following graphical description. Set T := |J, 7, the
set of rooted planar binary trees. With T" € T, we denote by 9T = {fi,..., f.} the
set of leaves of T. Of course, T, := {T' € T | |0T| = n}. Denote by T := T Xy T
the set of matched pairs of trees (T,,T-), i.e. such that |0T,| = |0T-|. We also say
that any such pair (7,,7.) is bifurcating. To any leaf of a binary tree it is associated
a standard dyadic interval (see [Bel07, p. 13]), thus a pair of trees can be used to
determine an element of F. Therefore, there is a map Tp — F, (T,T.) — g(T,,T.).
Indeed, it is surjective but not injective. A cheap way to see this is to realize that
any such pair with 7T, = T_ gives rise to the identity element of F. Moreover, it holds
g(T_,T,) = g(TJr,T_)_1 and if ¢(T,,T.) = g(T,,T") it is possible to connect the two
pairs by a sequence of addition/deletion of opposite carets.

Jones introduced a procedure that associates alternating links (up to linked unknots)

to elements of R. Thompson group F, [Jonl4, p. 18-19]. We recall the procedure with
an example.

Example 4.1.1. Consider an element of the Thompson group associated with a pair of
binary trees T, and T_ with n-leaves, for example

Suppose that the trees T, are on the plane R®, with leaves on the points (1/2,0),
(3/2,0), ..., ((2n—1)/2,0), T, being in the upper-half plane and 7_ in the lower-half
plane. The vertices of the graph I'(7,,7_) are (0,0), (1,0), ..., (n — 1,0). The edges
correspond to certain edges of the trees, namely those sloping up from left to right
(here called WN edges) for the upper tree and those sloping down from left to right
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(called WS edges) for the bottom tree. Starting from the right-most vertex (the one
with coordinates (n — 1,0)), we draw a curve passing once transversally through the
edges of the trees we mentioned. This is how the I'-graph looks like in our example

D(T..T.) = @

The next step is to draw the medial graph of I'(7T,,T_).

O(IN(T,T-)) =

The last and final step is to substitute any 4-valent vertex according to following rule

X=X

This is the associated alternating link L(7T,,T_)

Let G be a graph. For any k& € N, a proper vertex coloring is a map ¢ : V(G) := {
vertices of G} — {1,...,k} such that ¢(v;) # ¢(vy) whenever the vertices v; and
vy are connected. The Chromatic polynomial Chrg(z) is a polynomial such that the
evaluation at k£ € N gives the number of its proper vertex colorings with k£ colours. In
[Jon14, Section 5, p. 30], Jones associates to any element defined the oriented Thompson
group as .

F:= {g eEF |Chrp(g)(2) = 2} .

In other words this is the subgroup of F' made of elements whose I'-graph is bipartite.
Golan and Sapir proved that this group is finitely generated exhibiting some generators
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(|GS15], Lemma 4.6), namely xyx;, 125 and zo2z3. Moreover, using also the fact that
these elements satisfy the defining relations of the generators of Fj they actually showed
that indeed F' is isomorphic to the Thompson group Fy |GS15, Lemma 4.7].

Using T'(g), Jones (|[Jonl4]) discovered a way to associate an oriented link to any
element of the Jones-Thompson group. We briefly outline this procedure in the following
example.

Example 4.1.2. Being Fa subgroup of F', any element of F can be represented by a
pair of trees. The first part of the procedure is the same as the one described earlier for
any element of F'. So we repeat the steps withouth further explanations. Consider the
following element of F , the associated I'-graph and the corresponding medial graph

& =Y

Indeed, this is an element of F as it can be easily seen that the associated I'-graph is
bipartite. This is the corresponding un-oriented link diagram

N 0,

Denote by {+, =} the two colours. The graph I'(7,,T_) has only two colourings: one in
which the first vertex associated to the colour + and one in which it is associated to the
colour —. Consider the first couloring. The regions of the diagram of the un-oriented link
L(T,,T_) can be two coloured in black and white (we choose as a convention to colour
the outer region in white). Each vertex of the I" graphs sits precisely in one of the n black
regions and its sign determine an orientation of the boundary (+ =counterclockwise,
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— =clockwise). The procedure yields the following link

N 7,

4.2 Main result: the Homflypt polonomial as a pos-
itive type function

We recall that the HOMFLY polynomial P;(«, z) satisfies the following properties
aPo(a,z) —a " Pola, 2) — 2Pp(a, 2) = 0

leuig(a7z) = a_zo,67 szl(Oé7Z)PE2(a’Z)
PO =1

(actually it is defined by the first and the third equations). Our aim is to determine
for which specializations of the involved variables this construction yields a function of
positive type on F out of the HOMFLY polynomial.

We begin our analysis with some preliminary lemmas. We keep the same notation
and terminology adopted in |Jonl4] (cf. |ACI15,|AC16]). The first result is a slight
variation of an argument already discussed in |[Jon14] and we omit the easy proof.

Lemma 4.2.1. (c¢f. [Jonl4, p.19] [AC15, Prop. 5]) Let (T, T_) be a pair of bifurcating
trees with the same number of leaves. Consider another pair of (T%,T.) of such trees
obtained from (T, T.) by adding a pair of opposing carets. Then, the link L(T,,T") is
obtained from L(T,,T.) by the addition of a linked unknot.

The following picture provides a self-explanatory diagrammatic illustration of the

concept of linked unknot.
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Lemma 4.2.2. Let (T+, T_) be a pair of bifurcating trees with the same number of leaves
such that g(T,,T.) € F. Consider another pair (T}, T") of trees obtained by adding a
pair of opposing carets. Then,

1—a?

-1
PE(TL,TL)(%Z) =« |: + Z:| PE(T+,T,)(0472) .

-

Proof. With the above notation consider the links L=1IL(T,,T.), L, = L(T},T5), and
L2, L3 obtained by applying the skein relation at the crossing c

Li=| L /\2‘)] L,=| L @:)

= M\

L3= L ﬁ

Using the skein relation we obtain

0=aP; (a,z)- a_lPEQ(a, z) — 2Pp (a,2)
-1
a o 'Pi(a, 2) = 2P;(a, 2)

= aPp (o, 2) =
and thus we get the thesis. O]

We define the modified HOMFLY function as

-n+1
-1 1- @_2 -
Py(a,z) = {oz |: B + Z:H Pior, (o, 2) g€eF

where g = g(T,,T_) for a pair of bifurcating trees with n leaves.
Next we need to state few more preliminary lemmas.

Lemma 4.2.3. Let g = g(T,,T.) € F be the element determined by a pair of trees
(Ty,T-) with n leaves. Then the writhe number of the link L(T,T_) associated to g is
given by wr(L(T,,T-)) = 2(n —1).

Proof. In the first place we recall that for each element in F' the associated [-graph
admits a 2-colouring (the colours will be denoted by + and —). Moreover, each crossing
in L(T,,T_) corresponds to an edge of I'(T,7_) and the orientation of the crossing
depends on the colours of the two vertices connected by this edge. Now, consider an
edge with left vertex coloured with + and right vertex with —, then the corresponding
crossing in the I'-graph is .. On the other hand, if the left vertex has colour — and
the right vertex has colour +, then the associated crossing is again of the same type 2.
Finally observe that the I'-graph has precisely 2(n — 1) edges, which is also the number
of crossings of the associated link diagram. O]
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Let g(T,,T) be an element of F', where T, T_ are trees with n leaves. As already
mentioned, the graph I'(T,,T-) admits only two 2-colourings. Consider the colouring
for which the first vertex on the left has colour +. We denote by n, (resp. n_) the
number of vertices of T'(T},T_) labeled with colour + (resp. —) and by rot(L) the
rotation number of the link L (cf. [Jon89, Def. 1.10]). We recall that the rotation
number of a link L can be computed in the following way. Given a diagram of L resolve
the crossing X and X as 1. Let m be the number of clockwise oriented loops, n be the
number of counter-clockwise oriented loops, then rot([_:) =n—m.

Lemma 4.2.4. Let g(T,,T.) € F. We have that rot(L(T,,T.)) =n, —n_.

Proof. Since the rotation number may computed resolving crossing *< as 1T, the number
rot is the difference between the number of regions in a shaded diagram whose boundary
is counter-clockwise oriented and the number of regions whose boundary is clockwise
oriented. The first (resp. second) number coincides with n, (resp. n_). O

Using Lemma we may also (well-)define the function c(g) := ¢(L(T},T-)) —n
where g = ¢(T,,T_) € F and (T,,T.) is a pair of trees with n leaves.

Lemma 4.2.5. For any g = ¢(T,,T_) € F for a pair of trees (T, T.) with n leaves,
we have that ¢(g) € —2N.

Proof. With the above notations denote by L the link L(T,,T_). Let b(L) be the
number of black regions in the shaded diagram of L. Since we are only interested in the
number of the components of the link, after changing some crossings whenever necessary
we get a new link L' which is trivial. We observe that b(L) = b(L'). We have that

(_1)6(9) — (_1)6(17,)—71 - (_1)6([':)(_1)” _
= (_1)6(5')(_1)11 _ (_1)rot(1:’)(_1)n )
= (P = (1) (1) =

where we used the fact that the rotation number may be computed resolving each
crossing X and X as 17, and that the number of black regions in the shaded diagram is
equal to the number of the vertices in the face graph. O

Now we recall the formula for the partition function representation of the HOMFLY
polynomial (introduced by Jones in [Jon89|, also described in [Jae93]). Let L be an
oriented link diagram. For k& € N, the elements in ©, := {1,...,k} are called colours.
The functions 7 : E (E) — O, are called states. Consider a 4-valent vertex with colours
¢ and 7 as inputs, h and [ as outputs. We define the following weights w, : ©; X ©, X
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0, X ©;, — C for positive and negative crossings, respectively, as

|
—

ifi<jg,i=h,j=1
ifi=07=h1%+]
ifi=5=h=1
otherwise

I
IS

I
A

w+(27j7hal) :

—q ifi>j,i=h,j5=1
ifi=10,j=hi#j
ifi=7=h=1
otherwise

I
A

w_(4,j; h,1) :

ol =R o K

Consider the partition function given by

. q—4q —kwr(L) —(k+1)rot(L) 2s(L,7)
Zi(q, k) := e ¢ Z l_[ w(+)q 7

T zeV(L)

where the sum runs over the state functions, w(-) denotes the appropriate weight func-
tion, namely w, if the vertex is a positive/negative crossing, rot(L) is the rotation
number of L and s(L,7) is defined as follows: given state 7 and i € {1,... K}, de-
note by L; the link obtained as 7 '(i), then s(L,7) = i rot(L;) (it 7'(i) = @,
set rot(fi) = 0). It can be proved that the above partition function satisfies the skein
relation

¢ ZAq k) = ¢ "2, k) = (¢ = ¢ ) Zn(q, k)

and thus coincides with the Homfly polynomial Pi(qk, g—q ).

As observed in the proof of Lemma the links considered here will only have
crossings of type . Accordingly we will only use the weight function w, (). Also notice
that the weight w, is invariant under a switch of the upper and lower indices.

Using Jones’s partition function model for the HOMFLY polynomial, we are now
ready to state our main result.

Theorem 4.2.6. For ¢ € R\ {1, 0} and k_a positive integer, the evaluation of the
modified HOMFLY function g — P, (q q—q ) 1s of positive type on F.

Proof. Without loss of generality we can suppose that the ¢; = g(T%,T_) where {T"}/_,
and T_ are trees with n leaves such that g; g] = g(T%,TY).
We observe that

{ _1|:1_a_2 :” _k{QQ+q_2_q_2k_1}
« +z|r=¢q — .
z 1
q9—4q

Therefore, it is enough to prove that

. i q2 +q_2 q—2k 1 n-1
_1 —- —_— —
Proririy(d,a—qa )] 1q —
14 ij=1
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is positive semi-definite.

By Lemma we may omit the factor ¢ ") > 0. A quick computation shows
that also the factor

-1 L 2 -2 -2k —n+l
q—q q—(k+1)rot(L(Ti,Ti)) |:q—k (q +q —gq -1 )i|

k q—k q- q—l

is positive and hence can be neglected. Thus it is enough to show that

2s(L(TH T, 7)\"
(Y 1 wGaotmmo)

T weV(L(Ti,T]))

is positive semi-definite. ‘ ‘
We notice that s(L(T%,T7),7) = s(L,(T%),7) + s(L,(T.), 7). Therefore we have
(LT T) _ s(Ea (1)) s(La(T3),7)
q =q q .
Each state 7 may be decomposed as a triple (1, 7,,7_), where 7, is a function on
the edges in common between the upper and lower semi-links, 7, and 7_ are functions
on the remaining edges of L, (T, ) and L_(T.), respectively.

For any 7o = (71, +**,72,), the expression ) erV(L(Ti))er(T’x) q2S(L+(Ti)’T) de-
2

fines the 75-th component of a vector vy: in H = c* , i.e the component corresponding
to e, ® -=- ® e, . Thus, considering the vectors vgpi, ¢ = 1,...,r, it is not difficult to
check that | for every i,5 =1,...,r,

z l_[ w, (7, 1) q25(f’(Tiva)7T)

T eV (L(TL,T)

= Z Z l_[ U)+(7'7 LU) q2s(lj+(Ti),T) Z l_[ w+(7-,x) q2$(ﬂ+(Tf),7)

™0\ T zeV(L(Ti)) ™ weV(L(T]))
= <UTi’UT£>*
. k[ ?+q 2= 21 N1\ . .. . .
It follows that the matrix (PE(Ti 79/ {q [%]} )i,jzl is positive semi-definite
for any r, i.e. the function Pg(qk, q— q_l) is of positive type. O
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